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Abstract

We construct a spin-shift relation of the trigonometric Ruijsenaars-
Schneider Hamiltonian of type C,,. This is a successive study of the previ-
ous papar [8].

1 Introduction

Ruijsenaars-Schneider systems describe one-dimensional n-particle system with
pairwise interaction. In [2], the authors derived the Hamiltonian for the trigono-
metric one-particle Ruijsenaars- Schneider system from the Gervais-Neveu-Felder
equation. We would like to recall their argument in brief. The Cervais-Neveu-
Felder equation has its L-invariant form:

Rig(wq /) Li3(2) Las(x) = Las(x) L13(2) Ria(2¢™/?) (1)

with a subscript 3 denote the quantum space. Let us represent Li3(x) in the tensor
product of the representation ,0(%) ® pY), where pU) is the spin-j representation
of U,(sly). Taking the trace on the first space, and still restricting this operator
to the space of zero-weight vectors, one obtains

I — g N(gitl — g1
Hy = g 4 o (1- (¢ —a ) =g
(z =z )(¢'z — qz7!)

(2)

when 7 is an integer. This is the trigonometric one-particle Ruijsenaars- Schneider
Hamiltonian. That is the reason we call j the spin of the model insted of the
coupling constant of the model. The integrability of the system generated by



the Hamiltonian obtained here was solved by using the existence of a spin-shift
operator D; which satisfies

H;jDj= DjHj. (3)

In recent work [8], we constructed the spin-shift operator for the trigonomet-
ric multi-particle Ruijsenaars-Schneider system in terms of the Dunkl-Cherednik
operators.

The purpose of the present paper is to find results analogous to those of [§]
for the root system C,. As a consequence we obtain the spin-shift operator in
the language of Weyl group.

This Letter is arranged as follows. In Section 2, we review the basic facts
of the Dunkl-Cherednik operators and the Ruijsenaars- Schneider Hamiltonian.
Following the similar process as in [8] leads us to obtain the spin-shift relation
(Proposition 2) and the explicit form of the spin-shift operator for trigonometric
Ruijsenaars- Schneider Hamiltonian of type C,, (Theorem 1) in Section 3.

2 Dunkl-Cherednik operators

In this section we define the Dunkl-Cherednik operators, which are the key tool
for our paper. For details, see references ([4]-[6]).

Let V' be an n-dimensional real vector space with the basis {€j,...,€,}, and a
positive definite symmetric bilinear form (-,-) : V' x V — R defined by (¢;,¢;) =
dij. Let R ={%e; £¢ (1 <i<j<n), x2¢ (1 <i<n)} be the root system
of type Cp, Rt ={e; £¢;(1 <i < j<n), 2(1 <i<n)} the set of positive
roots, IT = {a; = ¢, — €01 (1 < i < n—1),a, = 2¢,} the set of simple roots.
For every root a € R, define the coroot a¥ := 2a/(a,a). Denote by P =
{N € V|(\ o) € Z} the weight lattice. It has a natural basis of fundamental
weights w; determined by (ozjv,wi) = 0j;. In similar way we define coweight
lattice PY = {\Y € V|(A\Y, ;) € Z} and fundamental coweight w,;” determined by
(aj,w;”) = d;;. As usual we define the highest root § € R by § — o € @ Z_q; for
all @ € R.

Let A, = Q(¢)[X, ..., X] be a polynomial ring. For every o € R denote
S, for the reflection with respect to o determined by s,(v) = v — (v, a)a”. The
Weyl group W = We, = (s1,...,8,_1,5,) acts on A, as w.X® = X%,

The set of affine roots is R = {a + md|a € R,m € Z}, where § denotes the
constant function 1 on V. The simple roots are ag = —0 + ¢ and a; = «o; € R.
We use the same symbols s;(0 < i < n) to represent the generator for the
corresponding affine Weyl group W = (sq, s1, ..., 8,). We note that so = 7(6Y)sy,
where 7(¢£V) is defined by 7(¢£¥)X* = ¢*¢"# X*# We define the length ¢(\Y) of
AV € PV as the length [ of the reduced expression

z (4)
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We write \Y < pV if £(XY) < £(u”). Suppose for every o € R we have a variable
to such that o, = t, () for every w € W. Let Q; = Q(t,) be the field of rational
functions in t,. We now introduce the operators

1
ﬂ :taiSi—F(tai —taiil)mﬁsi— 1) (’l:O,,'I’I,) (5)

They satisfy the following relations

(T~ ta)(Ti + 1o, ") =0 (i=0,....n), (6)
TTy =TT (li—jl = 2), (7)
T Ty =TinTiTi, (i=1,...,n—2), (8)
LT T = T LT T, (i =0,n—1). 9)

)

This means that they realize the representation of the affine Hecke algebra H (W
of Won A,; = Qi(g)[ X, ..., X].

The Dunkl-Cherednik operator Y« (i = 1,...,n) are now defined in terms
of the operators T; (i =0,...,n) by the expression

Y = (TyTy -+ Ty Ty Ty - - T3 (10)

Using the relations (7)-(9), one can show that the Dunkl-Cherednik operators
Y/, ..., Y“ commute with each other. Moreover they satisfy the following
commutation relations with 7T;.

nw —YSWIT, = (b, — 1Y, i (0¥, ) = 1, (11)
T,y =y’ T;, otherwise.
Set R = {a € R|(a,w)) = 1}. Let M(q,t,) denote the Macdonald difference
operator
ta X" — ¢!

=Y I ) (12

weWw OCER

It is known that the Macdonald difference operators are obtained in terms of the
Dunkl-Cherednik operators.

Proposition 1 [6]

> Yredl = Mg ta) (13)

weW AW,

Note that O|yw means that the action of the operator O is restricted to the W -
invariant space Am
We will define the Ruijsenaars-Schneider Hamiltonian of type C), by conju-

gating the Macdonald difference operator (Equation (12)) by a weight function
as follows.



For this purpose we introduce the notation

-1

(z;¢%); = H(l — xq*). (14)

1=0

Note that in terms of this notation the Macdonald difference operator with ¢, =
¢'» can be written as

-y 11 Xa’qq)) (W) (15)
wGWaeR‘F ) la

Let
A= T (X% ) (16)

aeRt

be the weight function we mentioned above. Consider an operator
Hg,) = AT M(q,q")(AF) 7, (17)

where (l,) = (l1,12) € Z>¢ X Z>(. The nonnegative integers [; and [ correspond
to long root and short root respectively. Now let
RS = w(fz) NR*,
R, = —w(R)NR",
then for « € RT
(X% ¢, for « € R},
T(w(wy)) (X q2)la =19 (¢°X% ¢, for a € R,
(X% q?).,,  otherwise.
Therefore the Equation.(17) is

ﬂa)(wQﬂ 1 X8 _1 qu*Q)(WQﬂ -1
la) - Z H Xw(a -1 H q2lﬁX,3 -1 = q*QXw(’Y) —1
BeRY, €

weW acRt

We call the operator H(,) Ruijsenaars-Schneider Hamiltonian of type C,, and
(lo) € Z>y X Z>( a spin of the model.

3 Spin-Shift relation

We begin with the equation which follows from the commutativity of the Dunkl-
Cherednik operators:

Sy ] <t;1y% —tay—%) - 11 <t;1y% —tay—%) Syl

weW acRt aeRt weWw
(19)



Proposition 2 Let wy be the longest element of Weyl group W . Multiplying both
sides of Equation (19) by wq from the left, and restricting the operators to ATVLVt,
we obtain

o X ¢t taXP —t5 g 2 XP — ¢
{Z II = —_1 II télxﬁ i QQtBXﬁ t_fT(w(wX))
weW ae R peky B —q TteAT T g
tan(a) — 1
x{ I —-—
a€ERt Xo—1
an(z 1)Xa _ t_ y Y
XZSgn( H H 2(i—1)X>—1 p)+ZG)\VT<)\)
weW =2 a€cRT AV=<pY
ht(a)>1
{ H tan(a) _t;I
aERT Xo—1

an(z 1)Xa _ t_

X Z sgn(w) H H X T(p") + Z Gawt(\Y)

weW =2 a€cRT AV=<pY
ht(a)>1
t Xw(a) —t 1 Y
Z H Xw(a _1 T<w<wn>> (20)
weW qeR

where Gyv is come meromorphic function in A, ;.

proof. We can prove the proposition in the same manner as in [8]. We will
outline the proof.
Since in [[pep+ (15'Y T —t Y- )\Aw the term of 7(—p") appears only from
Y " one can calculate the coefficient:
2n—1 g 26Dyl e

I i 1)

i=1 aecR*t
ht(a)>1

Using the identity

(Ti+ 650 [[ VT —t,y~7)

a€Rt
oY v
WY —t,, Yo 1oaY _aY
= - Y = oV H (alY 2 _tOéY 2 )(E_tai)7

1Y 21 — f; Y 21 a€Rt
which can be shown by a direct calculation, we have

1 C1yet _o
Si ta—tg ' X2 H <ta1Y Py )

Ha€R+ T_Xa  aeR* AW

n,t




1 iy aY _a¥
= — P S II 'Y= -ty 7) (22)

Ha€R+ T_Xo  acR* AV,
n,

Thus this invarinaceness up to (+1) with Equation (21) leads to

o oV ty — 11X
I (Y —ry—7) = [ e (23)
aERT AV,  o€R* 1-
2n—1 t, _q72(¢71) .G y y
X Z sgn(w)w H H 5D xa T(—p’) + Z Gawt(=A") |,
weWw 1=2 acRt AV<pVY
ht(a)>1
where Gyv is some meromorphic function in A, ;. Since Y ,cw y | AV, is Weyl

invariant, the right hand side of Equation (20) is proved.

Next we step to prove the left hand side of Equation (20). Let QY be the
Weyl orbit of w,’. Because of the invarianceness up to (£1) (Equation (22)), we
find that the equation

we Y YU ] (t*lY% —tY*%)

weWw aERT Ar‘/LVt

=w, [[ YT —ty=7) Y yuln (24)

a€Rt weW AW

n,t

turns to be
{ > C(wV)T(wV)} wy [] t YT —ty )
WV EeQV aeR+ AT,

=wy [[ ¢7VTF —ty~F) Yyl (25)

a€ERt weWw Ayvlvt

Now we will determine the coefficients C'(w") as follows. Note that we can write

we Y yun) (26)
weW
ta XO‘ —tt
Sl Tl Y A a)r@Y)S,
acR B wveQV\{wy }
where A(xy,...,x,) and S are appropriate coefficients and elements of Weyl

group respectively. Substituting Equation (26) to (24), multiplying w € W to



the both sides of (24), and comparing with (25), we can observe that the term of
Clw(w))) is

ta X0 — ¢t teXP —t5t M XP — g
H Xw() 1 H t_lX'G i ,QtBXB t—l T(w(wr\{)) (27)

aER

Thus the left hand side of Equation (20) is proved. Hence the proof has completed.
O

From Equation (20), one can derive the spin-shift relation. Put t, = ¢, and
conjugating by the weight function A™, namely multiplying the both sides of the
above equation by AT from the left and (A*)™! from the right, we obtain

la+1)Xw(a) -1 q2X -1 qQZVXw(V) -1

> I e 11 IT S )
el aere  CXVO =1 So @UTUXP -1 T X0 1
X AT Dy, (AY)™ = ATD, (A1)
gHle X w(e) _ 1 X8 1 X —
x 2 H T xw@) —1 Il = I — - T(w(w))).
weW aeRt Xw(a) 1 seit q2 B X8 —1 ei q 2xw() _ ]
where
A to Xl — ¢
e | e (28)
aERt Xe—1
- DX _t;1 Vv \%
X 2 sen(w H H xe TP) + > Gawr(\Y)
wew = 2}3&(6(3;1 )\\/_<p\/

Now we calculate the explicit form of the spin-shift operator
D,y = A Dy (AT (29)

Since the action of 7(w(p¥)) to (X™);¢?),, is

@

T(w(p )XY ), = ("X ), (30)
we find
T(w(p"))(AT) ™
la—1 la—1
QLL Zl_IO — q2(itht(e)) Xw(e) ag zl_Io 1— q2(i7ht(a))X7w(a)T(w(p )-

In conclusion we obtain the following result.



Theorem 1 The explicit form of the spin-shift operator for the Ruijsenaars-
Schneider Hamiltonian of type C,, s

1 — QQZQXO: 1 — q2(la—1)on
Dayy = Z Sgn(w)< H 1_ Xo 1—q¢2X«

weW Q’ER;

2n—1 1— q2(la+s)Xfa 1 — q2(lafsfl)Xa

<1111

s=1 acRy,
s+1<ht(—w—1(a))

+ > G)\vT()\V)>.

AV=<pY

vV
1 — qZSX—a 1— q—2(s+1)Xa T(w(p ))
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