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Abstract. In [8], we classified all “convex orders” on the positive root system
Δ+ of an arbitrary untwisted affine Lie algebra � and gave a concrete method
of constructing all convex orders on Δ+. The aim of this paper is to give a new

description of “convex bases” of PBW type of the positive subalgebra U+
q of

the quantum affine algebra Uq(�) by using the concrete method of constructing
all convex orders on Δ+. Applying convex properties of the convex bases of

U+
q , for each convex order on Δ+, we construct a pair of the dual bases of U+

q

and the negative subalgebra U−
q with respect to a q-analogue of the Killing

form.

1. Introduction

In the theory of quantum algebras, it is an important problem to construct the
dual bases of the positive subalgebra U+

q and the negative subalgebra U−
q of the

quantum algebra Uq with respect to the q-analogue of the Killing form which is
defined in [12] and [15]. For example, the dual bases of U+

q and U−
q were applied

to express the universal R-matrix and the extremal projector of Uq in an explicit
formula ([12],[13]), and it is known that the dual bases are related to the canonical
bases of U+

q or the global crystal bases of U−
q ([3]). The positive and negative

parts of the dual bases used to be constructed as a kind of Poincaré-Birkhoff-Witt
(PBW) type bases of U+

q and U−
q respectively, and the both parts have several

convex properties concerning the q-commutator and the coproduct of Uq. We would
like to emphasis that the convex properties are useful for calculating values of the
q-Killing form, so we call the positive or negative parts of the dual bases convex
bases of U+

q or U−
q respectively.

By the way, each convex basis of U+
q is formed by monomials in certain q-root

vectors Eα with α positive roots multiplied in a predetermined total order on the
positive root system Δ+ of the underlying Lie algebra g. The total order on Δ+

has several convex properties, so we call such a total order on Δ+ “convex order”
on Δ+.

In the case where g is an arbitrary finite dimensional simple Lie algebra, there
is a natural bijective mapping between the set of the convex orders on Δ+ and
the set of the reduced expressions of the longest element of the Weyl group, and
G. Lusztig constructed convex bases of U+

q associated with all reduced expressions
of the longest element of the Weyl group by using a braid group action on Uq(g)
([14]). Therefore all convex bases of U+

q had been constructed in the finite case.
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In the case where g is an arbitrary untwisted affine Lie algebra, in [2], J. Beck
constructed convex bases of U+

q associated with convex orders on Δ+ of a special
type. On the other hand, in [8], we classified all convex orders on Δ+, and we
found out that there exist new types of convex orders on Δ+ which was not used
in the Beck’s construction, and then we gave a concrete method of constructing all
convex orders on Δ+ for the untwisted affine case. So we think that it is natural to
extend the Beck’s construction of convex bases of U+

q by using the new knowledge
about convex orders on Δ+.

In this article, we give a new description of convex bases of U+
q for the quantum

affine algebra Uq(g). More precisely, we construct convex bases of U+
q by using the

concrete method of constructing all convex orders on Δ+ in the case where g is an
arbitrary untwisted affine Lie algebra.

We would like to explain more details of our results. Let g be an arbitrary
untwisted affine Lie algebra, i.e., the affine Lie algebra of type X

(1)
r , where X =

A,B, C,D, E, F,G. Let Δ be the root system of g, Π = {αi | i ∈ I} the root basis,
and W = 〈si | i ∈ I〉 the Weyl group. Define Δ+ to be the positive root system with
respect to Π, Δre

+ the positive real root system, and Δim
+ the positive imaginary

root system. We call a total order � on a subset B ⊂ Δ+ a convex order on B if
the order � satisfies the following two conditions:

CO(i) : (β, γ) ∈ B2 \ (Δim
+ )2, β ≺ γ, β + γ ∈ B =⇒ β ≺ β + γ ≺ γ ;

CO(ii) : β ∈ B, γ ∈ Δ+ \B, β + γ ∈ B =⇒ β ≺ β + γ.

Here we write β ≺ γ if β � γ and β 	= γ. In addition, we denote by �op the total
order on B defined by setting β �op γ ⇔ β � γ for each pair (β, γ) ∈ B2, and
call �op the opposite of �. We also say that � is an opposite convex order if the
opposite �op is a convex order.

We put
◦
I := {1, · · · , r}. Then we can express the index set I of Π by I = {0}� ◦

I,

and we may regard the subset
◦
Π := {αi | i ∈

◦
I} of Π as a root basis of the root

system
◦
Δ of the underlying Lie subalgebra

◦
g of type Xr. Let

◦
Δ+ (resp.

◦
Δ−) be

the positive root system of
◦
Δ with respect to

◦
Π, and

◦
W := 〈 si | i ∈

◦
I 〉 ⊂ W the

Weyl group of
◦
g. For each w ∈ ◦

W , we set

Δ(w,±) := {mδ + ε | m ∈ Z≥0, ε ∈ w
◦
Δ± } ∩Δ+,

where δ is the lowest positive imaginary root. Then we have

Δ+ = Δ(w,−)�Δim
+ �Δ(w,+).

For each subset J ⊂ ◦
I, we set

◦
ΠJ := {αj | j ∈ J}, ◦

W J := 〈sj | j ∈ J〉, ◦
SJ := {sj | j ∈

J}, ◦
ΔJ :=

◦
W J(

◦
ΠJ). The set

◦
ΔJ is a finite root system with

◦
ΠJ a root basis. Then

we define naturally an untwisted “affinization” (ΠJ, WJ, SJ, Δre
J ) of the quadruplet

(
◦
ΠJ,

◦
W J,

◦
SJ,

◦
ΔJ), where

◦
ΠJ ⊂ ΠJ ⊂ Δre

J ⊂ Δre and
◦
SJ ⊂ SJ ⊂ WJ ⊂ W , and

introduce a “subroot system” ΔJ of Δ by setting ΔJ := Δre
J �Δim. The sets SJ

and ΠJ are indexed by each other in such a way that SJ = {sα |α ∈ ΠJ} and
ΠJ = {αs | s ∈ SJ}, where sα is the reflection with respect to α and αs = α if and
only if s = sα for α ∈ ΠJ and s ∈ SJ. In the case where J 	= ∅, the pair (WJ, SJ)
is an infinite Coxeter group. We denote by s = (s(p))p∈N an infinite sequence
consisting of elements s(p) ∈ SJ for p ∈ N, and call such a sequence s an infinite
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reduced word of (WJ, SJ) if the length of the element s(1)s(2) · · · s(p) ∈ WJ is p for
each p ∈ N, and define W∞

J to be the subset of SN
J consisting of all infinite reduced

words of (WJ, SJ). For each s = (s(p))p∈N ∈ W∞
J , we obtain an injective mapping

φs : N→ Δre
J+ by setting

φs(p) := s(1) · · · s(p − 1)(αs(p)),

and denote by Φ∞
J ([s]) the image of the injective mapping φs. Let

◦
W/

◦
W J be the set

of the left cosets, and
◦

W J the set of the minimal coset representatives of elements
of

◦
W/

◦
W J. Then each element w ∈ ◦

W can be uniquely written as w = wJwJ with

wJ ∈ ◦
W J and wJ ∈

◦
W J.

The following is a summary of the results of the paper [8].

Theorem 1.1. Let w be an arbitrary element of
◦

W .
(1) Let �− be an arbitrary convex order on Δ(w,−), �0 an arbitrary total order

on Δim
+ , and �+ an arbitrary opposite convex order on Δ(w, +). Then we can define

a convex order � on Δ+ by extending �−,�0,�+ to on Δ+ = Δ(w,−) � Δim
+ �

Δ(w,+) in such a way that

Δ(w,−) ≺ Δim
+ ≺ Δ(w,+).

Moreover, we can obtain every convex orders on Δ+ by applying the procedure
above.

(2) For each positive integer n ≤ r = 	
◦
I and sequence J• = (J0,J1, . . . ,Jn)

consisting of subsets of
◦
I such that

◦
I = J0 � J1 � · · · � Jn = ∅, there exist

y• = (y1, . . . , yn) ∈ WJ1 × · · · ×WJn and s• = (s0, . . . , sn−1) ∈ W∞
J0
× · · · ×W∞

Jn−1

which satisfy

Δ(w,−) = �n
i=1w

Ji−1yi−1Φ
∞
Ji−1

([si−1]), (1.1)

where y0 := 1, and then we can define a convex order � on Δ(w,−) by applying the
following procedure Steps 1,2.

Step 1. For each i = 1, . . . , n, define a total order �i on the following set

Ri := wJi−1yi−1Φ
∞
Ji−1

([si−1])

by setting

wJi−1yi−1φsi−1(p) �i wJi−1yi−1φsi−1(q) for each p ≤ q.

Step 2. Define � by extending �1, . . . ,�n to on Δ(w,−) = �n
i=1Ri in such a way

that

Ri ≺ Ri′ for each i < i′.

Conversely, for each convex order on � on Δ(w,−), there exists a unique quadruplet
(n, J•, y•, s•) which satisfies the condition (1.1) and the convex order � can be
constructed by the procedure Steps 1,2 above.

We remark that Theorem 1.1 gives a concrete method of constructing all convex
order on Δ+, since Δ(w,+) = Δ(ww◦,−) with w◦ the longest element of

◦
W . For

each positive integer n ≤ r = 	
◦
I, we call the convex order on Δ(w,−) described

above that of n-row type.
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We denote simply by U the quantized enveloping algebra Uq(g) over Q(q) for
an arbitrary affine Lie algebra g of type X

(1)
r , where X = A,B, C,D, E, F,G. For

each non-empty subset J ⊂ ◦
I, we introduce the Q(q)-subalgebra

UJ = 〈Eα, K±1
α , Fα |α ∈ ΠJ〉

of U with ΔJ the root system, which can be regarded as an untwisted “affiniza-
tion” of the Q(q)-subalgebra generated by {Eα, K±1

α , Fα |α ∈
◦
ΠJ}. Let BWJ =

〈JTy | y ∈ WJ〉 be the braid group associated with the Coxeter group (WJ, SJ). We
define an action of BWJ on the subalgebra UJ, i.e., we construct a group homomor-
phism BWJ → Aut(UJ), which is a natural generalization of the well-known braid
group action BW → Aut(U) introduced by G. Lusztig. Let U+ be the positive sub-
algebra of U , i.e, the Q(q)-subalgebra generated by {Eα |α ∈ Π }. Let A1 be the
Q-subalgebra of Q(q) consisting of elements of Q(q) which have no pole at q = 1,
and A1U

+ the A1-subalgebra of U generated by {Eα |α ∈ Π }.
The following is the main result of this paper, which is a part of the results of

Theorem 8.6 in the case where J =
◦
I.

Theorem 1.2. Let � be an arbitrary convex order on Δ+, and w ∈ ◦
W a unique

element such that

Δ(w,−) ≺ Δim
+ ≺ Δ(w,+).

We define �−, �0, and �+ to be the restriction of � to on Δ(w,−), on Δim
+ , and

on Δ(w, +), respectively, and define a total order �̃0 on the following set

Δ̃im
+ := Δim

+ ×
◦
I = { (kδ, i) | k ∈ N, i ∈ ◦

I }
by setting

(kδ, i) ≺̃0 (k′δ, i′)⇐⇒
{

kδ ≺0 k′δ if k 	= k′,
i < i′ if k = k′.

In addition, we define a total order �̃ on the following set

Δ̃+ := Δre
+ � Δ̃im

+ = Δ(w,−)� Δ̃im
+ �Δ(w,+)

by extending �−, �̃0, and �+ such as

Δ(w,−) ≺̃ Δ̃im
+ ≺̃ Δ(w, +).

Let (n, J•, y•, s•) be a unique quadruplet satisfying the condition (1.1) in Theorem
1.1 which corresponds to the convex order �− on Δ(w,−). For each η ∈ Δ(w,−),
we define a weight vector E�−,η ∈ U+ with weight η by setting

E�−,η := T
wJi−1 · Ji−1Tyi−1(Esi−1(p)) (1.2)

in the case where η = wJi−1yi−1φsi−1(p) with i ∈ Nn and p ∈ N. Here, Esi−1(p) =
Eα if αsi−1(p) = α ∈ ΠJi−1. In addition, for each η ∈ Δ̃+, we set

E�,η :=

⎧⎪⎨⎪⎩
E�−,η if η ∈ Δ(w,−),

Tw(Ii,k) if η = (kδ, i) ∈ Δ̃im
+ ,

Ψ(E�op
+ ,η) if η ∈ Δ(w,+),

where �op
+ is the opposite order of �+, E�op

+ ,η is defined by applying (1.2) for the
convex order �op

+ on Δ(w, +), Ψ is a Q(q)-algebra anti-automorphism of U , and Ii,k



NEWLY DESCRIBED CONVEX BASES 5

is a weight vector with weight kδ for each (i, k) ∈ ◦
I× N. Let E≺(Δ̃+) be the set of

all monomials

Ec1
�,η1

Ec2
�,η2
· · ·Ecm

�,ηm

of the set {E�,η | η ∈ Δ̃+} multiplied in the order �̃, where η1 ≺̃ η2 ≺̃ · · · ≺̃ ηm and
c = (c1, c2, . . . , cm) ∈ (Z≥0)m with m ∈ N arbitrary. Then the set E≺(Δ̃+) is a
basis of the Q(q)-subalgebra U+ and of the A1-subalgebra A1U

+. Moreover, the
following equality holds:

[E�,η , E�,ζ ]q =
∑

η≺̃η1≺̃η2≺̃···≺̃ηm≺̃ζ

hcE
c1
�,η1

Ec2
�,η2
· · ·Ecm

�,ηm

for each η, ζ ∈ Δ̃+ satisfying η ≺̃ ζ, where hc ∈ A1 and [ , ]q is the q-commutator.

We note that in [2] J. Beck constructed convex bases of U+
q associated with

convex orders �− on Δ(1,−) of 1-row type and opposite convex orders �+ on
Δ(1, +) of 1-row type.

This paper is organized as follows. In section 2, we give notations and preliminary
results for the root system of the untwisted affine Lie algebra g. In section 3, we give
notations and preliminary results for reduced words of the Coxeter group (WJ, SJ)
and convex orders on the positive root system ΔJ+. In section 4, we give notations
and preliminary results for the quantum algebra. In section 5, we construct the
subalgebra UJ of Uq(g) associated with ΔJ and the braid group action on it. In
section 6, we define imaginary root vectors of U+

J . In section 7, we give several
tensor product decompositions of the positive subalgebra U+

J of UJ. In section
8, we give a concrete method of constructing convex bases of U+

J associated with
arbitrary convex orders on ΔJ+. In section 9, we construct the dual convex bases of
U+ and U− with respect to the q-Killing form, and then present the multiplicative
formula for the R-matrix of Uq(g) associated with an arbitrary convex order on
Δ+.

2. Notations and preliminary results for the untwisted affine root

systems

Let Q, Z, and N be the set of the rational numbers, the integers, and the positive
integers, respectively, and let Z+ and Z− be the set of the non-negative integers
and the non-positive integers, respectively, i.e., Z+ = Z≥0 and Z− = Z≤0. We
denote by 	S the cardinality of a set S, and write 	S =∞ if S is an infinite set.

Let A = [Aij ]i,j∈I be an arbitrary symmetrizable generalized Cartan matrix
with I an index set, and (di)i∈I be relatively prime positive integers such that the
matrix [diAij ]i,j∈I is symmetric. Let (h,Π,Π∨) be a minimal realization of A over
Q, that is, a triplet consisting of a (	I + corankA)-dimensional vector space h over
Q and linearly independent subsets Π = {αi | i ∈ I} ⊂ h∗, Π∨ = {α∨

i | i ∈ I} ⊂ h
satisfying 〈α∨

i , αj〉 = Aij for i, j ∈ I. Here, h∗ is the dual space of h and the map
〈·, ·〉 : h×h∗ → Q is the canonical paring. Let g = 〈ei, h, fi | i ∈ I, h ∈ h〉 be the Kac-
Moody Lie algebra associated with (h,Π,Π∨), Δ ⊂ h∗ \ {0} the root system, Δre

(resp. Δim) the real (resp. imaginary) root system, and W = 〈 si | i ∈ I 〉 ⊂ GL(h∗)
the Weyl group. Here, si is the reflection with respect to αi acting on h∗ by
si(λ) = λ − 〈α∨

i , λ〉αi for λ ∈ h∗. Set S := {si | i ∈ I} then the pair (W,S) is a
Coxeter system. Let � : W → Z+ be the length function of the Coxeter system. Let
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Δ+ (resp. Δ−) be the positive (resp. negative) root system with respect to the
root basis Π, and set Δre± = Δre ∩Δ± and Δim± = Δim ∩Δ±. We set

h′∗ := ⊕i∈IQαi, Q := ⊕i∈IZαi, Q± :=
∑

i∈IZ±αi,

P := {λ ∈ h∗ | 〈α∨
i , λ〉 ∈ Z (∀i ∈ I) }.

Fix a subspace h′′∗ ⊂ h∗ such that h∗ = h′∗ ⊕ h′′∗, and define a non-degenerate
symmetric bilinear form (· | ·) on h∗ by setting

(αi |λ) := di〈α∨
i , λ〉 (i ∈ I, λ ∈ h∗), (λ |μ) := 0 (λ, μ ∈ h′′∗).

Note that (αi |αj) = diAij and (αi |λ) ∈ Z for i, j ∈ I and λ ∈ P . We denote
by O(h∗) the orthogonal group with respect to the form (· | ·). The reflection sα ∈
O(h∗) with respect to α ∈ Δre acts on h∗ by sα(λ) = λ− 2(α |λ)

(α |α) α for λ ∈ h∗. We
set

Aut(Δ) := {φ ∈ O(h∗) |φ(Δ) = Δ}, Aut(Δ,Π) := {φ ∈ Aut(Δ) |φ(Π) = Π},
and identify the group Aut(Δ,Π) with a permutation group of I by ρ(i) = j if
ρ(αi) = αj for ρ ∈ Aut(Δ,Π) and i, j ∈ I. Then ρsi = sρ(i)ρ and ord(sisj) =
ord(sρ(i)sρ(j)), where ord(x) is the order of x.

Throughout this section from now on, we assume that A = [Aij ]i,j∈I is of the
untwisted affine type X

(1)
r , where r ∈ N, X = A,B, . . . , G. In addition, we may

assume that I = {0, 1, . . . , r} and [Aij ]
i,j∈◦

I
is the Cartan matrix of the finite type

Xr with
◦
I = {1, . . . , r}. We set

◦
Π := {αi | i ∈

◦
I},

◦
h∗ := spanQ

◦
Π,

◦
Q := spanZ

◦
Π,

◦
W := 〈 si | i ∈

◦
I 〉,

◦
Δ :=

◦
W (

◦
Π),

◦
Δ± :=

◦
Δ ∩Δ±.

Note that
◦
Δ is a root system of type Xr with

◦
Π a root basis and

◦
W the Weyl

group. Introduce an element λ0 of h∗ such that h∗ = h′∗ ⊕ Qλ0, and define a
non-degenerate symmetric bilinear form (· | ·) on h∗ by setting (αi |αj) = diAij for
i, j ∈ I, (λ0 |λ0) = 0, and (αi |λ0) = d0δi0 for i ∈ I. Denote by θ the highest

positive root of
◦
Δ and set δ := α0 + θ. Then (δ | δ) = 0 and

Δre = {mδ + ε | m ∈ Z, ε ∈ ◦
Δ}, Δim = {mδ | m ∈ Z \ {0}}.

Moreover, we see that the form (· | ·) is positive-definite on
◦
h∗ and that the following

direct sum is an orthogonal decomposition:

h∗ =
◦
h∗ ⊕ (Qδ + Qλ0).

For each λ ∈ h∗, we denote by λ the image of λ by the orthogonal projection onto
◦
h∗. Then each β ∈ Δ can be uniquely written as β = mδ + β with m ∈ Z and
β ∈ ◦

Δ � {0}. For each λ ∈ h∗, we define tλ ∈ GL(h∗) by setting

tλ(μ) = μ + (μ | δ)λ− {(μ |λ) + 1
2 (λ |λ)(μ | δ)}δ (μ ∈ h∗),

which is called the translation with respect to λ. Note that wtλ = tw(λ)w for w ∈ ◦
W

and that tλ(μ) = μ − (μ |λ)δ for μ ∈ h′∗. For each i ∈ ◦
I, we set α̌i := 2αi

(αi |αi)
and
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introduce an unique element εi ∈
◦
h∗ such that (εi |αj) = δij for all j ∈ ◦

I. Note
that α̌i =

∑
j∈◦

I
Aijεj. We set

◦
Q∨ := ⊕

i∈◦
I
Zα̌i,

◦
P

∨ := ⊕
i∈◦

I
Zεi, T := { tλ | λ ∈

◦
Q∨}, T̂ := { tλ | λ ∈

◦
P

∨}.

Then T is a normal subgroup of W such that W = T �
◦

W . Let us denote the
extended Weyl group T̂�

◦
W by Ŵ . For each x ∈ Ŵ , there exists an unique element

x ∈ ◦
W such that x ∈ T̂x. The assignment x �→ x defines a group homomorphism

· : Ŵ → ◦
W . Note that x(λ) = x(λ) and sα = sα for x ∈ Ŵ , λ ∈ h′∗, and α ∈ Δre.

We set Ω := Ŵ ∩ Aut(Δ,Π). Then Ŵ = W � Ω. We set Ŝ := S � (Ω \ {1}) and
extend the length function � : W → Z+ of the Coxeter system (W,S) to a Z+-valued
function � on Ŵ by setting �(xρ) := �(x) for x ∈W and ρ ∈ Ω.

For each subset J ⊂ ◦
I, we set

◦
ΠJ := {αj | j ∈ J},

◦
h∗J := spanQ

◦
ΠJ ⊂

◦
h∗,

◦
QJ := spanZ

◦
ΠJ,

◦
W J := 〈 sj | j ∈ J 〉, ◦

ΔJ :=
◦

W J(
◦
ΠJ),

◦
ΔJ± :=

◦
ΔJ ∩

◦
Δ±.

Note that
◦
ΔJ is a root system with

◦
ΠJ a root basis and

◦
W J the Weyl group if

J 	= ∅. We say that J is connected if
◦
ΔJ is an irreducible root system and that a

subset J′ ⊂ ◦
I is disjointed with J if

◦
ΔJ′ ∩ ◦

ΔJ = ∅.
For each non-empty subset J ⊂ ◦

I, let J1, . . . ,JC(J) be the connected components
of J with C(J) the number of the connected components. Then

◦
ΔJ =

◦
ΔJ1 � · · · �

◦
ΔJC(J)

is the irreducible decomposition of
◦
ΔJ. For each c = 1, . . . , C(J), we denote by θJc

the highest positive root of
◦
ΔJc relative to the basis

◦
ΠJc , and set

ΠJc
:=

◦
ΠJc
� {δ − θJc

}, ΠJ := ΠJ1 � · · · �ΠJC(J) , SJ := {sα |α ∈ ΠJ}.
For each element s ∈ SJ, we denote by αs the unique element of ΠJ such that
s = sαs . Let WJ be the subgroup of W generated by SJ, h′∗J the linear subspace of
h′∗ spanned by ΠJ, and QJ the sublattice of Q spanned by ΠJ over Z. Note that

h′∗J =
◦
h∗J ⊕Qδ, QJ =

◦
QJ ⊕ Zδ, and dim h′∗J = rank QJ = 	J + 1. We set

Δre
J := {α ∈ Δre | α ∈ ◦

ΔJ}, ΔJ := Δre
J �Δim,

Δre
J± := Δre

J ∩Δ±, ΔJ± := ΔJ ∩Δ±, QJ± := QJ ∩Q±.

Proposition 2.1 ([7]). For each non-empty subset J ⊂ ◦
I, the pair (WJ, SJ) is a

Coxeter group with (h′∗J , ΔJ, ΠJ) a root system, namely the triplet has the following
properties (i)–(iv):

(i) the h′∗J is a representation space of WJ over Q and the ΔJ is a subset of h′∗J
such that ΔJ = −ΔJ and ΔJ \ {0} is WJ-invariant.

(ii) the ΠJ = {αs | s ∈ SJ } is a subset of ΔJ such that each element α ∈ ΔJ

can be written as
∑

s∈S asαs with either as ∈ Z+ for all s ∈ S or as ∈ Z− for
all s ∈ S, but not in both ways. Accordingly, we write α > 0 or α < 0 and set
ΔJ+ := {α ∈ ΔJ |α > 0 } and ΔJ− := {α ∈ ΔJ |α < 0 }.
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(iii) for each s ∈ SJ, the equalities s(αs) = −αs and s(ΔJ+ \{αs}) = ΔJ+ \{αs}
hold.

(iv) if w ∈WJ and s, s′ ∈ SJ satisfy w(αs′ ) = αs, then ws′w−1 = s.

Remark 2.2. The action of WJ on h′∗J is faithful, and hence we may identify WJ

with a subgroup of O(h′∗J ). Here,

O(h′∗J ) = {φ ∈ GL(h′∗J ) | (φ(λ) |φ(μ)) = (λ |μ) (λ, μ ∈ h′∗J ) }.
Let �J : WJ → Z+ be the length function of the Coxeter group (WJ, SJ). We set

◦
Q∨

J := ⊕j∈JZα̌j , TJ := { tλ | λ ∈
◦
Q∨

J }.

Then TJ is a normal subgroup of WJ such that WJ = TJ �
◦

W J. We set
◦
P

∨
J := ⊕j∈JZεj , T̂J := { tλ | λ ∈

◦
P

∨
J }, ŴJ := T̂J �

◦
W J ⊂ O(h′∗J ).

For each K ⊂ J, let
◦

W J/
◦

WK be the set of the left cosets, and
◦

WK
J the set of the

minimal coset representatives of elements of
◦

W J/
◦

WK. If J =
◦
I we denote it simply

by
◦

WK. Note that
◦

W
K
J = {w ∈ ◦

W J | w(αk) > 0 for all k ∈ K }

and that each element w ∈ ◦
W J can be uniquely written as w = wKwK with

wK ∈ ◦
WK

J and wK ∈
◦

WK, where wK is a unique element of the smallest length in

the right coset w
◦

WK. For each K ⊂ J, we set
◦
ΔK

J :=
◦
ΔJ \

◦
ΔK,

◦
ΔK

J± :=
◦
ΔK

J ∩
◦
Δ±.

In addition, for each w ∈ ◦
W J, we set

ΔK
J (w,±) := {α ∈ Δre

+ | α ∈ w
◦
ΔK

J± }.

We denote it simply by ΔJ(w,±) if K = ∅, by ΔK(w,±) if J =
◦
I, and by Δ(w,±) if

both K = ∅ and J =
◦
I. Note that

ΔJ+ = ΔJ(w,−)�Δim
+ �ΔJ(w,+), ΔJ(w,+) = ΔJ(ww◦,−), (2.1)

where w◦ is the longest element of
◦

W J.

Definition 2.3. We define P̃J and PJ to be the following sets:

P̃J := {(K, u, y) |K ⊂ J, u ∈ ◦
W

K
J , y ∈ WK }, PJ := {(K, u, y) ∈ P̃J |K � J }.

For each y ∈ ŴJ, we set

ΦJ(y) := {α ∈ ΔJ+ | y−1(α) ∈ ΔJ− }.
For each (K, u, y) ∈ P̃J, we define a subset ∇J(K, u, y) ⊂ Δre

J+ by setting

∇J(K, u, y) := ΔK
J (u,−) � uΦK(y).

Note that ∇J(K, u, y) = ΦJ(y) if K = J and that ∇J(K, u, y) = ΔJ(u,−) if K = ∅.
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We call a subset B ⊂ ΔJ+ a biconvex set in ΔJ+ if it satisfies the following
conditions:

C(i) β, γ ∈ B, β + γ ∈ ΔJ+ =⇒ β + γ ∈ B ;
C(ii) β, γ ∈ ΔJ+ \B, β + γ ∈ ΔJ+ =⇒ β + γ ∈ ΔJ+ \B.

If, in addition, B is a subset of the set Δre
J+, then B is called a real biconvex set in

ΔJ+. Let BJ be the set of all finite biconvex sets in ΔJ+, and B∞
J to be the set of

all infinite real biconvex sets in ΔJ+. We set B∗
J := BJ �B∞

J .

In the case where J =
◦
I, we will denote the symbols above more simply by

removing J from them.

Theorem 2.4 ([7]). For each non-empty subset J ⊂ ◦
I, the assignment (K, u, y) �→

∇J(K, u, y) defines a bijective mapping from P̃J to B∗
J, which maps PJ onto B∞

J .

For each non-empty subset J ⊂ ◦
I, we set

Aut(ΔJ) := {φ ∈ O(h′∗J ) | φ(ΔJ) = ΔJ },
Aut(ΔJ, ΠJ) := {φ ∈ Aut(ΔJ) | φ(ΠJ) = ΠJ }.

For each K ⊂ J, we set

Aut(ΔJ)K := {φ ∈ Aut(ΔJ) | φ(
◦
ΠK) ⊂ ΔJ+ },

WK
J := WJ ∩Aut(ΔJ)K, ŴK

J := ŴJ ∩Aut(ΔJ)K.

Note that Aut(ΔJ, ΠJ) ⊂ Aut(ΔJ)J. In addition, we set

ΩJ := ŴJ ∩Aut(ΔJ, ΠJ).

Then

ŴJ = WJ � ΩJ ⊂ Aut(ΔJ). (2.2)

Let �J : ŴJ → Z+ be the extended length function defined by setting �J(xρ) := �J(x)
for each x ∈WJ and ρ ∈ ΩJ. We note that �J(y) = ΦJ(y) for all y ∈ ŴJ.

Proposition 2.5 ([9]). For each connected subset J ⊂ ◦
I, the assignment

j �→ ρJj := tεj w◦jw◦ (2.3)

defines a bijective mapping from the set J∗ := {j ∈ J | (εj | θJ) = 1} to ΩJ \ {1}.
Here, w◦ and w◦j are the longest elements of

◦
W J and

◦
W J\{j}, respectively. More-

over, the condition that ρ(δ − θJ) = αj for ρ ∈ ΩJ \ {1} and j ∈ J is equivalent to
the condition that ρ = ρJj with j ∈ J∗.

Proof. Although the setting of Proposition 1.18 in [9] is different from that of this
case, the proof can be applied to this case by modifying suitably.

Lemma 2.6. Let J be an arbitrary connected subset of
◦
I, and K an arbitrary subset

of J. Then each φ ∈ Aut(ΔJ) can be uniquely written as φ = φKφK with φK ∈
Aut(ΔJ)K and φK ∈

◦
WK.

Proof. We first prove the uniqueness. Suppose that φ = aKaK = bKbK with
aK, bK ∈ Aut(ΔJ)K and aK, bK ∈

◦
WK. Then aK = bKbKa−1

K . Since aK ∈ Aut(ΔJ)K

and bKa−1
K ∈ ◦

W J, we have bKa−1
K = 1, hence bK = aK and bK = aK. We next prove
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the existence. By Corollary 3.10 in [11], the φ can be uniquely written as σρz with
σ = ±1, ρ ∈ Aut(ΔJ, ΠJ), and z ∈ WJ. Moreover, we see that z can be uniquely

written as xy with x ∈ WK
J and y ∈ ◦

WK. Hence φ = σρxy. In the case where
σ = 1, put φK = ρx and φK = y. Then φ = φKφK with φK ∈ Aut(ΔJ)K and

φK ∈
◦

WK. In the case where σ = −1, put φK = −ρxw◦ and φK = w◦y, where
w◦ is the longest element of

◦
WK. Then φ = φKφK with φK ∈ Aut(ΔJ)K and

φK ∈
◦

WK.

Lemma 2.7. Let J and J′ be connected subsets of
◦
I which are disjointed with each

other.
(1) For each j ∈ J∗, there exists a unique element wJj ∈

◦
W J such that

tεj |h′∗
J

= ρJjwJj . (2.4)

Moreover, the following equalities hold :

(i) ρJj = (tεj )
J|h′∗

J
, (ii) wJj = (tεj )J = w◦w◦j . (2.5)

Here, (tεj )J ∈ Ŵ J and (tεj )J ∈
◦

W J are unique elements such that tεj = (tεj )J(tεj )J,

and w◦ and w◦j are the longest elements of
◦

W J and
◦

W J\{j} respectively.

(2) For each i ∈ ◦
I \ J, z ∈ ◦

W J′ , and j′ ∈ J′
∗, the following equalities hold :

(i) [(tεj )
J, tεi ] = 0, (ii) [(tεj )

J, z] = 0, (iii) [(tεj )
J, (tεj′ )

J
′
] = 0. (2.6)

Here, [ , ] is the commutator, i.e., [a, b] = ab− ba. Moreover,

�((tεj )
Jtεi) = �((tεj )

J) + �(tεi), (2.7)

�(tεj )
Jz) = �(tεj )

J) + �(z), (2.8)

�((tεj )
J(tεj′ )

J
′
) = �((tεj )

J) + �((tεj′ )
J
′
). (2.9)

(3) For each j ∈ J∗ and β ∈ ΔJ′ , the equality (tεj )J(β) = β holds.
(4) For each j ∈ J∗, the element (tεj )J satisfies the following equalities:

Φ((tεj )
J) ⊂ ΔJ

(1,−), (2.10)

Φ(tεj ) ∩ΔJ+ = (tεj )
JΦ(wJj

), (2.11)

(tεj )
JΔJ

(1,−) ⊂ ΔJ
(1,−). (2.12)

Moreover, �((tεj )J) = 0 if and only if J =
◦
I.

(5) For each j ∈ J∗, there exists a unique element j− ∈ J∗ such that

(i) ρJj(αj− ) = δ − θJ, (ii) ρJj− = (ρJj)−1. (2.13)

In addition, (ρJj)2 = 1 if and only if j− = j. Moreover, the following equalities
hold :

(tεj )
Jsj−(tεj− )J|h′∗

J
= sδ−θJ , (2.14)

Φ((tεj )
Jsj−(tεj− )J) ∩ΔJ+ = {δ − θJ}, (2.15)

Φ((tεj )
Jsj−(tεj− )J) \ {δ − θJ} ⊂ ΔJ

(1,−), (2.16)

�((tεj )
Jsj−(tεj− )J) = �((tεj )

J) + 1 + �((tεj− )J). (2.17)
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Proof. Let us prove the part (1). Set wJj := w◦w◦j . Then wJj ∈
◦

W J. By
Proposition 2.5, we have tεj |h′∗

J
= ρJjwJj . On the other hand, by Lemma 2.6,

we have tεj = (tεj )J(tεj )J with (tεj )J ∈ Ŵ J and (tεj )J ∈
◦

W J. It follows that
tεj |h′∗

J
= (tεj )J|h′∗

J
(tεj )J. Hence (2.5) follows from Lemma 2.6. The uniqueness of

the decomposition (2.4) follows from (2.5).
Let us prove the part (2). By the part (1), we have (tεj )J = tεj w

−1
Jj . It is clear

that [tεj , tεi ] = [w−1
Jj , tεi ] = 0, which implies (2.6)(i). Since (εj |α) = 0 for all

α ∈ ◦
ΠJ′ , we have [tεj , sα] = 0. Since wJj ∈

◦
W J, we see that [w−1

Jj , sα] = 0 for all

α ∈ ◦
ΠJ′ . Thus we get [(tεj )J, sα] = 0 for all α ∈ ◦

ΠJ′ , which implies (2.6)(ii). Since

(tεj′ )
J
′
= tεj′ w

−1
J′j′ with wJ′j′ ∈

◦
W J′ , (iii) follows from (i) and (ii).

It is clear that �((tεj )Jtεi) ≤ �((tεj )J) + �(tεi). Since [wJj , tεi ] = 0 we have
tεj tεi = (tεj )JtεiwJj , and hence

�(tεj tεi) ≤ �((tεj )
Jtεi) + �(wJj).

On the other hand, we have

�(tεj tεi) = �(tεj ) + �(tεi) = {�((tεj )
J) + �(wJj)}+ �(tεi).

Thus we get �((tεj )J) + �(tεi) ≤ �((tεj )Jtεi), which implies (2.7). The (2.8) is clear.
It is easy to see that

�((tεj )
Jtεj′ ) ≤ �((tεj )

J(tεj′ )
J
′
) + �(wJ′j′).

From (2.7) and (2.8), it follows that

�((tεj )
Jtεj′ ) = �((tεj )

J) + �((tεj′ )
J
′
) + �(wJ′j′ ).

Thus we get that �((tεj )J)+ �((tεj′ )
J
′
) ≤ �((tεj )J(tεj′ )

J
′
), which implies (2.9), since

�((tεj )
J(tεj′ )

J
′
) ≤ �((tεj )

J) + �((tεj′ )
J
′
).

Let us prove the part (3). Since tεj (β) = β and wJj(β) = β, we have (tεj )J(β) =
tεj w

−1
Jj (β) = β.

Let us prove the part (4). It is easy to see that

Φ(tεj ) = Φ((tεj )
J) � (tεj )

JΦ(wJj) ⊂ Δ(1,−). (2.18)

By (2.7), we have Φ((tεj )J) ∩ ΔJ+ = ∅, hence we get (2.10) and (2.11) follow by
(2.18). Since both tεj and w−1

Jj stabilize ΔJ(1,−), the product (tεj )J = tεj w
−1
Jj

stabilizes ΔJ(1,−). We see that Φ(tεj )∩ΔJ(1,−) = ∅ if and only if J =
◦
I, hence the

second assertion follows from (2.11) and (2.18).
Let us prove the part (5). By Proposition 2.5, there exists a unique element

j− ∈ J∗ satisfying (2.13). Suppose that (ρJj)2 = 1, i.e., (ρJj)−1 = ρJj . By
(2.13)(ii) and Proposition 2.5 we get j− = j. Suppose that j− = j. Then, by
(2.13)(ii) we get ρJj = (ρJj)−1, i.e., (ρJj)2 = 1. By (2.5)(i) and (2.13)(ii), we see
that

(tεj )
Jsj−(tεj− )J|h′∗

J
= ρJjsj−(ρJj)−1. (2.19)

Since δ − θJ = ρJj(αj− ), we have

ρJjsj−(ρJj)−1(δ − θJ) = −(δ − θJ). (2.20)
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Since (αj− |αj−) = (δ − θJ | δ − θJ) and ((ρJj)−1(αi) |αj−) = (αi | δ − θJ) for all
i ∈ J, we have

sj−(ρJj)−1(αi) = (ρJj)−1(αi)− 2(αi | δ−θJ)
(δ−θJ | δ−θJ)αj− ,

which implies

ρJjsj−(ρJj)−1(αi) = αi − 2(αi | δ−θJ)
(δ−θJ | δ−θJ) (δ − θJ) = sδ−θJ(αi). (2.21)

Therefore (2.14) follows from (2.19)(2.20)(2.21).
By (2.10), we see that

sj−Φ((tεj− )J) ⊂ ΔJ
(1,−), (2.22)

Φ(sj−(tεj− )J) = {αj−} � sj−Φ((tεj− )J), (2.23)

since sj−ΔJ(1,−) ⊂ ΔJ(1,−). By (2.12) and (2.22), we have

(tεj )
Jsj−Φ((tε

j− )J) ⊂ ΔJ
(1,−). (2.24)

By (2.23)(2.24) and the equality (tεj )
J(αj−) = δ − θJ, we have

Φ((tεj )
Jsj−(tε

j− )J) = Φ((tεj )
J) � {δ − θJ} � (tεj )

Jsj−Φ((tε
j− )J). (2.25)

Therefore (2.15), (2.16), and (2.17) follow from (2.10)(2.24)(2.25).

Lemma 2.8. Let us use the notations as in Proposition 2.5. Assume that J is a
connected subset of

◦
I with 	J ≥ 2 and that an element j ∈ J∗ satisfies (ρJj)2 = 1.

Then there exist distinct elements i, i′ ∈ I and an element z ∈ W satisfying Φ(z) ⊂
Δ(1,−), αj = z(αi), and δ − θJ = z(αi′).

Proof. Let B be the subset of Δ(1,−) consisting of all β such that

β + αi1 + · · ·+ αin = δ − θJ (2.26)

for some sequence (i1, . . . , in) consisting of elements of
◦
I with n ∈ N. Then, it is

easy to see that both B and B′ = B � {δ − θJ} are finite biconvex sets. Hence,
there exist unique z ∈ W and i′ ∈ I such that B = Φ(z) and δ − θJ = z(αi′) by
Theorem 2.4. We next show that

sj(δ − θJ) = δ − θJ, (2.27)
sj(B) = B. (2.28)

By the assumption of the Lemma and the extended Dynkin diagram of
◦
ΔJ, we see

that (δ− θJ |αj) = 0, which implies (2.27). Let β be an arbitrary element of B. To
prove (2.28), it suffices to show that B includes the αj -string through β. Since αj

is not a short root, we see that the length of the αj-string through β is less than 2.
If the length is 1, there is nothing to prove. Suppose that the length is 2. In the
case where sj(β) = β − αj , we see that sj(β) ∈ Δ(1,−) and

sj(β) + αj + (αi1 + · · ·+ αin) = δ − θJ,

which implies sj(β) ∈ B. In the case where sj(β) = β + αj , we see that j = ik
for some 1 ≤ k ≤ n. Indeed, if j 	= ik for all 1 ≤ k ≤ n, then we see that
β + (αi1 + · · ·+ αin) + mαj = δ− θJ for some m ≥ 1 by applying sj to the equality
(2.26). Here we use (2.27). This contradicts to (2.26). Hence, j = ik for some
1 ≤ k ≤ n. Thus we see that

sj(β) + (αi1 + · · ·+ αik−1 + αik+1 + · · ·+ αin) = δ − θJ
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with sj(β) ∈ Δ(1,−). Here we have n ≥ 2. Indeed, if n = 1 then sj(β) = δ − θJ,
which contradicts to (2.27). Thus we get sj(β) ∈ B.

By (2.28) and the equality B = Φ(z), we have

Φ(sjz) = {αj} � sjΦ(z) = {αj} � Φ(z). (2.29)

Since Φ(z) ⊂ Φ(sjz) and 	{Φ(sjz) \ Φ(z)} = 1, we see that

Φ(sjz) = Φ(z) � z{αi} = Φ(zsi). (2.30)

for some unique i ∈ I. By (2.29)(2.30), we get αj = z(αi).

3. Notations and preliminary results for reduced words and convex

orders

Throughout this section, we assume that g is the affine Kac-Moody Lie algebra
of the type X

(1)
r (X = A,B, C,D, E, F,G) with Δ the root system.

We denote by Nn the set {m ∈ N |m ≤ n} for each n ∈ N, and set N∞ := N
and N∗ := N� {∞}, where ∞ is a symbol. We extend the usual order ≤ on N to a
total order on N∗ by setting n <∞ for each n ∈ N. We also set ∞+ n = n +∞ =
∞n = n∞ =∞ for each n ∈ N∗.

For each non-empty subset J of
◦
I, we set

ŜJ := SJ � (ΩJ \ {1}) =
C(J)∐
c=1

(SJc � ΩJc \ {1}).

For each n ∈ N∗, we denote a sequence consisting of elements s(p) ∈ ŜJ with
p ∈ Nn by s = (s(p))p∈Nn , and denote the set of such all sequences by ŜNn

J . For
each s ∈ ŜNn

J and m ∈ Nn, we define a sequence s|m ∈ ŜNm
J by setting s|m(p) := s(p)

for each p ∈ Nm, and call the sequence s|m the initial m-section of s. Let {sp}p∈N

be a family of finite sequences of elements of ŜJ such that sp is the initial mp-
section of sp+1 with mp < mp+1 for each p ∈ N. Then we see that there exists a
unique infinite sequence s∞ of elements of ŜJ such that sp is the initial mp-section
of s∞ for each p ∈ N, and denote by limp→∞ sp the infinite sequence s∞. For
each s ∈ ŜNn

J and s′ ∈ Ŝ
Nn′
J with n < ∞ and n′ ∈ N∗, we define a sequence

ss′ = (ss′(p))p∈Nn+n′ ∈ Ŝ
Nn+n′
J by setting

ss′
(p) := s(p) for p ≤ n, ss′

(p) := s′
(p − n) for n + 1 ≤ p.

The product ss′ satisfies the associative law: (ss′)s′′ = s(s′s′′) for s ∈ SNn ,
s′ ∈ SNn′ , s′′ ∈ SNn′′ with n, n′ < ∞. Therefore, the product s1 · · · sp−1sp is
defined naturally for each family {s1, . . . , sp−1, sp} of sequences of elements of ŜJ

such that si for i ∈ Np−1 are finite sequences.
For each s ∈ ŜNn

J with n <∞, we define an element [s] of ŴJ by setting

[s] := s(1)s(2) · · · s(n).

For each n ∈ N∗, we call an element s ∈ ŜNn
J a reduced word of (ŴJ, ŜJ) if

�J([s|p−1]) ≤ �J([s|p])

for all p ∈ Nn. Here, �J : ŴJ → Z+ is the extended length function.
For each reduced word s = (s(p))p∈Nn of (ŴJ, ŜJ) with n ∈ N∗, we set

s−1(SJ) := { p ∈ Nn | s(p) ∈ SJ }, �J(s) := 	s−1(SJ),
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and call the non-negative integer �J(s) the length of s. We denote by Ŵn
J the set

of all reduced words with length n and set ŴJ := �n∈NŴn
J and Ŵ∗

J := ŴJ � Ŵ∞
J .

We call an element of ŴJ (resp. Ŵ∞
J ) a finite reduced word (resp. an infinite

reduced word) of (ŴJ, ŜJ). For each n ∈ N∗, we denote by Wn
J the subset of Ŵn

J

which consists of elements s ∈ Ŵn
J such that s(p) ∈ SJ for all p ∈ Nn, and call

an element s ∈ Wn
J a reduced word of (WJ, SJ). We set WJ := �n∈NWn

J and
W∗

J := WJ � W∞
J , and call an element of WJ (resp. W∞

J ) a finite reduced word
(resp. an infinite reduced word) of (WJ, SJ).

For each reduced word s ∈ Ŵ∗
J , an injective mapping φs : N
(s) → Δre

J+ is defined
by setting

φs(p) := [s|κ(p)−1](αs(κ(p)))

for each p ∈ N, where the κ is a unique strictly increasing function κ : N
(s) → N
such that the image of κ equals to s−1(SJ), i.e., Im(κ) = s−1(SJ). We denote
by Φ


(s)
J (s) the image of the injective mapping φs. Note that if �(s) < ∞ then

Φ

(s)
J (s) = ΦJ([s]).
For a pair (s, s′) of elements of Ŵ∞

J , we write s ∼ s′ if for each (p, q) ∈ N2 there
exists (p0, q0) ∈ Z≥p × Z≥q such that

�J([s|p]|−1[s′|p0 ]) = p0 − p, �J([s′|q]−1[s|q0 ]) = q0 − q.

Then we see that ∼ is an equivalence relation on Ŵ∞
J (cf. [7]). We denote by

Ŵ∞
J the quotient set of Ŵ∞

J relative to the equivalence relation ∼, and by [s] the
coset containing s ∈ Ŵ∞

J . Let W∞
J be the image ofW∞

J by the canonical mapping
Ŵ∞

J → Ŵ∞
J . Then we can easily show that W∞

J = Ŵ∞
J . Moreover, we see that

s ∼ s′ if and only if Φ∞
J (s) = Φ∞

J (s′) (cf. [7]). Hence we may denote by Φ∞
J ([s])

the set Φ∞
J (s).

In the case where J =
◦
I, we will denote the symbols above more simply by

removing J from them.

Theorem 3.1 ([7]). For each non-empty subset J ⊂ ◦
I, let Φ∗

J be the mapping from
W ∗

J to B∗
J defined by setting

Φ∗
J([s]) := ΦJ([s]) for s ∈ WJ, Φ∗

J([s]) := Φ∞
J ([s]) for s ∈ W∞

J .

Then Φ∗
J is a bijective mapping from W ∗

J to B∗
J, which maps W∞

J onto B∞
J .

Definition 3.2. Let � be a total order on a subset B of ΔJ+. We say that � is a
convex order on B if it satisfies the following conditions:

CO(i) (β, γ) ∈ B2 \ (Δim
+ )2, β ≺ γ, β + γ ∈ B =⇒ β ≺ β + γ ≺ γ ;

CO(ii) β ∈ B, γ ∈ ΔJ+ \B, β + γ ∈ B =⇒ β ≺ β + γ.

Here we write β ≺ γ if β � γ and β 	= γ. We denote by �op the total order on
B defined by setting β �op γ ⇔ β � γ for each pair (β, γ) ∈ B2, and call �op the
opposite of �. We also say that � is an opposite convex order if the opposite �op

is a convex order.
For subsets C and D of B, we write C ≺ D if c ≺ d for all pair (c, d) ∈ C ×D.

For each non-empty subset J ⊂ ◦
I, we set

CnJ := {K• = (K0,K1, . . . ,Kn) |J = K0 � K1 � · · · � Kn = ∅ }.
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We note that if n > 	J then CnJ = ∅, and set

CJ :=
�J∐

n=1

CnJ.

For each n ∈ N�J and K• ∈ CnJ, we set

WK• := WK1 × · · · ×WKn , W∞
K• :=W∞

K0
× · · · ×W∞

Kn−1
.

Denote an element (y1, . . . , yn) ∈ WK• by y•, and an element (s0, . . . , sn−1) ∈ W∞
K•

by s•. Note that WKn
= {1} and yn = 1 for each K• ∈ CnJ and y• ∈ WK• .

Theorem 3.3 ([8]). Let J be an arbitrary non-empty subset of
◦
I, and w an arbi-

trary element of
◦

W J.
(1) Let �− be an arbitrary convex order on ΔJ(w,−), �0 an arbitrary total order

on Δim
+ , and �+ an arbitrary opposite convex order on ΔJ(w,+). We can define

a convex order � on ΔJ+ by extending �−,�0,�+ to ΔJ+ = ΔJ(w,−) � Δim
+ �

ΔJ(w, +) in such a way that

ΔJ(w,−) ≺ Δim
+ ≺ ΔJ(w, +).

Moreover, we can obtain every convex orders on ΔJ+ by applying the procedure
above.

(2) For each n ∈ N�J and K• ∈ CnJ, there exists (y•, s•) ∈ WK• × W∞
K• such

that

ΔJ(w,−) = �n
i=1w

Ki−1yi−1Φ
∞
Ki−1

([si−1]), (3.1)

Ci := �i
j=1w

Kj−1yj−1Φ
∞
Kj−1

([sj−1]) ∈ B∞
J for each 1 � i � n, (3.2)

where y0 := 1. Then we can define a convex order � on ΔJ(w,−) by applying the
following procedure Steps 1,2.

Step 1. For each i = 1, . . . , n, define a total order �i on the following set

Ri := wKi−1yi−1Φ
∞
Ki−1

([si−1])

by setting

wKi−1yi−1φsi−1(p) �i wKi−1yi−1φsi−1(q) for each p ≤ q.

Step 2. Define � by extending �1, . . . ,�n to ΔJ(w,−) = �n
i=1Ri in such a way

that

Ri ≺ Ri′ for each i < i′.

Moreover, we can obtain every convex orders on ΔJ(w,−) by applying the procedure
above.

Remark 3.4. (1) Theorem 3.3 gives a concrete method of constructing all convex

order on ΔJ+, since ΔJ(w,+) = ΔJ(ww◦,−) with w◦ the longest element of
◦

W J.
(2) For each n ∈ N�J, we call the convex order on ΔJ(w,−) described above that

of n-row type.

Definition 3.5. Let us use the notations as in Proposition 2.5 and Lemma 2.7(5).

From now on, we often denote the translation tεj (j ∈ ◦
I) simply by εj if there is no
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fear of misunderstanding. Let J be an arbitrary non-empty subset of
◦
I. For each

s ∈ ŜJ, we define an element s̃ ∈ Ŵ by setting

s̃ :=

⎧⎪⎨⎪⎩
(εj)Jc if s = ρJcj with c = 1, . . . , C(J) and j ∈ Jc∗,
sj if s = sj with j ∈ J,

(εjc)Jcsj−c (εj−c )Jc if s = sδ−θJc
with c = 1, . . . , C(J),

(3.3)

where we fix an element of jc ∈ Jc∗ for each c = 1, . . . , C(J). For each ρ ∈ ΩJ, we
define an element ρ̃ ∈ Ŵ by setting

ρ̃ :=
∏C(J)

c=1 ρ̃c, (3.4)

where ρ =
∏C(J)

c=1 ρc with ρc ∈ ΩJc , and if ρc = 1 then we set ρ̃c := 1.
For each s ∈ ŜJ, we fix a finite reduced word rs = (rs(p))p∈NNs

∈ Ŵ such that
[rs] = s̃, where rs(p) ∈ Ŝ for all p ∈ NNs . For each s = (s(p))p∈Nn ∈ Ŵ∗

J with
n ∈ N∗, we define a sequence s̃ = (s̃(p))p∈N

�n
∈ ŜN

�n
J with ñ ∈ N∗ by setting

s̃ :=

{
rs1rs2 · · · rsn if n <∞,

limp→∞ rs1rs2 · · · rsp if n =∞,
(3.5)

where sp := s(p) for each p ∈ Nn. Here,

ñ :=

{
Ns1 + Ns2 + · · ·+ Nsn if n <∞,

∞ if n =∞.

Note that for each p ∈ Nn,

[s̃|p] = s̃(1)s̃(2) · · · s̃(p). (3.6)

Lemma 3.6. (1) The sequence s̃ = (s̃(p))p∈N
�n

defined in Definition 3.5 is an el-
ement of Ŵ∗ such that φ�s ◦ f = φs for some unique strictly increasing function
f : N
(s) → N. In particular, s̃ ∈ Ŵ∞ if and only if s ∈ Ŵ∞

J . Moreover, the
following equalities hold :

[s̃|p]|h′∗
J

= [s|p], (3.7)

[s̃|p] ΔJ
(1,−) ⊂ ΔJ

(1,−), (3.8)
Φ([s̃|p]) ∩ΔJ+ = ΦJ([s|p]), (3.9)

Φ([s̃|p]) \ ΦJ([s|p]) ⊂ ΔJ
(1,−), (3.10)

�([s̃|p]) =
∑p

k=1�(s̃(k)) (3.11)

for all p ∈ Nn. In particular,

Φ∗([s̃]) ∩ΔJ+ = Φ∗
J([s]), (3.12)

Φ∗([s̃]) \ Φ∗
J([s]) ⊂ ΔJ

(1,−). (3.13)

(2) If s ∈ Ŵ∞
J , then s̃ ∈ Ŵ∞ with the following equality:

Φ∞([s̃]) = Φ∞
J ([s])�ΔJ

(1,−). (3.14)

Proof. Let us prove the part (1). The (3.7) follows from (2.14). By (2.12), we see
that s̃(k)ΔJ(1,−) ⊂ ΔJ(1,−) for all k ∈ Np. Thus, by (3.6) we get (3.8). By (2.10),
(2.15), and (2.16), we have

Φ(s̃(k)) ∩ΔJ+ = ΦJ(s(k)), Φ(s̃(k)) \ ΦJ(s(k)) ⊂ ΔJ
(1,−). (3.15)
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By (3.6)(3.7)(3.8) and (3.15), we have

Φ([s̃|p]) =
∐p

k=1[s̃|k−1]Φ(s̃(k)), (3.16)

where [s̃|0] = 1. Therefore we see that (3.11) holds and the sequence s̃ is an element
of Ŵ∗ satisfying (3.9) and (3.10). It is easy to see that Φ∗([s̃]) = ∪p∈NnΦ([s̃|p]).
Hence (3.9) and (3.10) imply (3.12) and (3.13). By (3.7), (3.16), and the left
equation in (3.15), we see that there exists a unique strictly increasing function
f : N
(s) → N such that φ�s ◦ f = φs.

Let us prove the part (2). By the part (1), the s̃ is an element of Ŵ∞. In the

case where J =
◦
I, we see that ΔJ(1,−) = ∅ and s̃ = s, and hence the equality

(3.14) is valid. Suppose that J is a proper subset of
◦
I. By (3.12) and (3.13), and

Theorem 3.1, we see that the set Φ∞([s̃]) is an infinite real biconvex set such that
Φ∞([s̃]) ∩ ΔJ+ = Φ∞

J ([s]) and the set Φ∞([s̃]) \ Φ∞
J ([s]) is an infinite subset of

ΔJ(1,−), which implies the equality (3.14) by Theorem 2.4.

For each B ∈ B∗
J, we set

ŴJ(B) := { y ∈ ŴJ | ΦJ(y) ⊂ B }, WJ(B) := ŴJ(B) ∩WJ. (3.17)

Lemma 3.7. (1) Let B be a real biconvex set in ΔJ+. Then, for each pair (y1, y2) ∈
ŴJ(B)2, there exists an element y3 ∈ ŴJ(B) such that ΦJ(y1) ∪ ΦJ(y2) ⊂ ΦJ(y3).

(2) Suppose that a subset Y ⊂ ŴJ satisfies the condition: for each pair (y1, y2) ∈
Y 2, there exists an element y3 ∈ Y such that ΦJ(y1) ∪ ΦJ(y2) ⊂ ΦJ(y3). Then the
set ΦJ(Y ) below is a real biconvex set in ΔJ+:

ΦJ(Y ) :=
⋃

y∈Y

ΦJ(y). (3.18)

Proof. We prove the part (1). By Theorem 3.1, we have B = Φ∗
J([s]) for some s ∈

W∗
J , hence B = ∪
(s)

p=1ΦJ([s|p]). Since ΦJ(y1) ∪ ΦJ(y2) is a finite set and ΦJ([s|p]) �
ΦJ([s|p′ ]) for p < p′, we see that ΦJ(y1) ∪ ΦJ(y2) ⊂ ΦJ([s|p0 ]) for some p0 ∈ N
(s).

We prove the part (2). Suppose that β, γ ∈ ΦJ(Y ) satisfy β + γ ∈ ΔJ+. By
the assumption of Y , we may assume that β, γ ∈ ΦJ(y) for some y ∈ Y . Then
β+γ ∈ ΦJ(y), hence β+γ ∈ ΦJ(Y ). It is clear that ΔJ\ΦJ(Y ) = ∩y∈Y {ΔJ\ΦJ(y)}.
Suppose that β, γ ∈ ΔJ \ΦJ(Y ) satisfy β +γ ∈ ΔJ+. Then β, γ ∈ ΔJ \ΦJ(y) for all
y ∈ Y . It follows that β+γ ∈ ΔJ\ΦJ(y) for all y ∈ Y , hence β+γ ∈ ΔJ\ΦJ(Y ).

Proposition 3.8. We use the notations introduced in Definition 2.3 and Definition
3.5. Let (J, u, y) be an arbitrary element of P . Suppose that ε ∈ ◦

P∨ satisfies

(ε |αi) > 0 for all i ∈ ◦
I \ J and (ε |αj) = 0 for all j ∈ J and that s ∈ WJ satisfies

[s] = y. Then we have

∇(J, u, y) =
⋃
n≥0

Φ(u[s̃]tnε ). (3.19)

Proof. Set B = ∪n≥0Φ([s̃]tnε ). By the assumption of ε, we see that ∪n≥0Φ(tnε ) =
ΔJ(1,−). Hence, by (3.8) and Lemma 2.3(2) in [7], we see that Φ([s̃]tnε ) = Φ([s̃])�
[s̃]Φ(tnε ) for all n ≥ 0. Thus, by Lemma 3.7(2), we see that B is an infinite real
biconvex set such that

B = Φ([s̃])� [s̃]ΔJ
(1,−).
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Hence, by (3.8)(3.9)(3.10) we have B ∩ ΔJ+ = ΦJ(y) and B \ ΦJ(y) ⊂ ΔJ(1,−).
Since ΔJ(1,−) \ [s̃]ΔJ(1,−) is a finite set, we see that ΔJ(1,−) \B is a finite set. By

Theorem 2.4, we get B = ΦJ(y) �ΔJ(1,−). Since u ∈ ◦
W J we see that Φ(u[s̃]tnε ) =

Φ(u)� uΦ([s̃]tnε ) for all n ≥ 0, which implies that

∪n≥0Φ(u[s̃]tnε ) = Φ(u)� u ∪n≥0 Φ([s̃]tnε )

= Φ(u)� uB = uΦJ(y)�ΔJ
(u,−) = ∇(J, u, y).

Lemma 3.9. Let J and K be connected subsets of
◦
I such that K ⊂ J, and k an

element of K∗. Suppose that [s] = tεk
with s ∈ ŴJ, and denote the elements [s̃]

and tεk
of Ŵ uniquely by [s̃] = [s̃]K[s̃]K and tεk

= (tεk
)K(tεk

)K with [s̃]K ∈ ŴK,

(tεk
)K ∈ ŴK, [s̃]K ∈

◦
WK, and (tεk

)K ∈
◦

WK. Then the following equalities hold :

(i) [s̃]K|h′∗
K

= (tεk
)K|h′∗

K
, (ii) [s̃]K = (tεk

)K. (3.20)

Proof. By (3.7), we have [s̃]|h′∗
J

= tεk
|h′∗

J
, hence [s̃]|h′∗

K
= tεk

|h′∗
K

since h′∗K ⊂ h′∗J .
On the other hand, we see that [s̃]|h′∗

K
= [s̃]K|h′∗

K
[s̃]K and tεk

|h′∗
K

= (tεk
)K|h′∗

K
(tεk

)K.
Therefore (3.20) follows from Lemma 2.6.

4. Notations and preliminary results for Uq

In this section, we prepare notations for the quantized enveloping algebra Uq(g)
associated with the symmetrizable Kac-Moody Lie algebras g.

For each n ∈ N, we define [n]t, [n]t!, (n)t, (n)t! ∈ Z[t, t−1] by setting

[n]t := tn−t−n

t−t−1 , [n]t! :=
∏n

k=1[k]t, (n)t := t2n−1
t2−1 , (n)t! :=

∏n
k=1(k)t,

and set [0]t = (0)t = [0]t! = (0)t! := 1.
We assume that q is an indeterminate over Q. Let Q(q) be the field of rational

functions of q with coefficients in Q. Let U = Uq(g) be the quantized enveloping
algebra over Q(q) of the symmetrizable Kac-Moody Lie algebras g, that is, the
associative Q(q)-algebra U with the unit 1 defined by the generators {Ei, Fi | i ∈
I} � {Kλ |λ ∈ P} and the following fundamental relations:

KλKμ = Kλ+μ, K0 = 1, (4.1)

KλEiK
−1
λ = q(αi|λ)Ei, KλFiK

−1
λ = q−(αi|λ)Fi, (4.2)

[Ei, Fj ] = δij(Ki −K−1
i )/(qi − q−1

i ), (4.3)
1−Aij∑
k=0

(−1)kE
(1−Aij−k)
i EjE

(k)
i =

1−Aij∑
k=0

(−1)kF
(1−Aij−k)
i FjF

(k)
i = 0 (i 	= j), (4.4)

where qi := qdi , Ki := Kαi , E
(k)
i = Ek

i /[k]qi !, and F
(k)
i = F k

i /[k]qi !. The rela-
tions (4.4) is called the quantum Serre relations. Let U ′ be the Q(q)-subalgebra
of U generated by {Ei, Fi, K

±1
i | i ∈ I}, U+ the Q(q)-subalgebra of U generated

by {Ei | i ∈ I}, U− the Q(q)-subalgebra of U generated by {Fi | i ∈ I}, and U0

the Q(q)-subalgebra of U generated by {Kλ |λ ∈ P}. The multiplication mapping
defines the following isomorphism of Q(q)-vector spaces:

U+ ⊗ U0 ⊗ U− ∼−→U, x⊗ y ⊗ z �→ xyz. (4.5)
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We define U≥0 and U≤0 to be the images of U+⊗U0 and U0⊗U− by the mapping
(4.5), respectively. It is clear that both U≥0 and U≤0 are Q(q)-subalgebras of U .
Let Ω : U → U be a Q-algebra anti-automorphism such that

Ω(Ei) = Fi, Ω(Fi) = Ei, Ω(Kλ) = K−1
λ , Ω(q) = q−1. (4.6)

Let Ψ : U → U be a Q(q)-algebra anti-automorphism such that

Ψ(Ei) = Ei, Ψ(Fi) = Fi, Ψ(Kλ) = K−1
λ . (4.7)

Note that both Ω and Φ stabilize U ′ and that the following equalities hold:

Ω2 = Ψ2 = idU , [Ω , Φ] = 0. (4.8)

For each μ ∈ Q, the weight space Uμ of U with μ weight is defined by setting

Uμ := { u ∈ U | KλuK−1
λ = q(μ|λ)u (∀λ ∈ P ) }. (4.9)

Then UλUμ ⊂ Uλ+μ for λ, μ ∈ Q and the following weight space decomposition of
U holds:

U = ⊕μ∈QUμ. (4.10)

We call a non-zero element u of Uμ a weight vector with weight μ and set wt(u) := μ.
In addition, for each μ ∈ Q+, we set

U+
μ := Uμ ∩ U+, U−

−μ := U−μ ∩ U−, U≥0
μ := U+

μ U0, U≤0
−μ := U−

−μU0. (4.11)

Then the following weight space decompositions hold:

U+ = ⊕μ∈Q+U+
μ , U− = ⊕μ∈Q+U−

−μ, U≥0 = ⊕μ∈Q+U≥0
μ , U≤0 = ⊕μ∈Q+U≤0

−μ.
(4.12)

For each μ, ν ∈ Q, u ∈ Uμ, v ∈ Uν , we set

[u, v]q := uv − q(μ|ν)vu, (4.13)

and define a Q(q)-bilinear mapping [ , ]q : U × U → U by setting

(x, y) �→ [x, y]q :=
∑

μ,ν∈Q[xμ, yν ]q, (4.14)

where x =
∑

μ∈Q xμ (xμ ∈ Uμ), y =
∑

ν∈Q yμ (xμ ∈ Uν). The mapping [ , ]q is
called the q-commutator or the q-bracket. For each x ∈ U , we define a Q(q)-linear
mapping adqx : U → U by setting

(adqx).y := [x, y]q. (4.15)

For each α, β ∈ Δ (α 	= β), x ∈ Uα, y ∈ Uβ , and n ∈ Z+, we see that

1
[n]qα !

(adqx)n.y =
n∑

k=0

(−1)kq
k(n−1+Aαβ)
α x(n−k)yx(k), (4.16)

where Aαβ := 2(α|β)
(α|α) ∈ Z, qα := q(α|α)/2, and x(k) := xk/[k]qα !. Here we set

(adqx)(n).y :=
1

[n]qα !
(adqx)n.y. (4.17)

Note that the quantum Serre relations (4.4) can be written as

(adqEi)(1−Aij).Ej = (adqFi)(1−Aij).Fj = 0 (i 	= j).
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The braid group BW = 〈Ti | i ∈ I 〉 associated with the Weyl group W acts on U
as a group of Q(q)-algebra automorphisms of U via

Ti(Ei) = −FiKi, Ti(Ej) = (adqEi)(−Aij).Ej (i 	= j), (4.18)

Ti(Fi) = −K−1
i Ei, Ti(Fj) = Ω(Ti(Ej)) (i 	= j), (4.19)

Ti(Kλ) = Ksi(λ) = KλK
−〈α∨

i ,λ〉
i , (4.20)

where i, j ∈ I, λ ∈ P (cf. [14]). Note that the following equalities hold:

ΩTi = TiΩ, ΨTiΨ = T−1
i (4.21)

as automorphisms of U and that the subalgebra U ′ is stable under the action of
BW on U and the action is faithful. For each x ∈ W , we set

Tx := Ti1Ti2 · · ·Tin , (4.22)

where x = si1si2 · · · sin with n = �(x) and i1, i2, . . . , in ∈ I is a reduced expression
of x. The Tx does not depend on reduced expressions of x.

Lemma 4.1 ([14]). For each i ∈ I and integrable U -module M , define the Z-
gradation M = ⊕n∈ZMn

i by setting Mn
i := {m ∈ M |Ki.m = qn

i m} for each
n ∈ Z, and define TiM : M →M to be the Q(q)-linear mapping by setting

TiM (m) :=
∑

a,b,c≥0;−a+b−c=n

(−1)bqb−ac
i E

(a)
i F

(b)
i E

(c)
i .m (4.23)

for each n ∈ Z and each m ∈Mn
i . Then

Ti(u).TiM (m) = TiM(u.m) (4.24)

for all u ∈ U and all m ∈M .

Each subgroup Ω ⊂ Aut(Δ,Π) acts faithfully on U ′ as a group of Q(q)-algebra
automorphisms of U ′ via

Tρ(Ei) = Eρ(i), Tρ(Fi) = Fρ(i), Tρ(Ki) = Kρ(i), (4.25)

where ρ ∈ Ω and i ∈ I. The following equalities hold:

TρTi = Tρ(i)Tρ (4.26)

as automorphisms of U . Set Ŵ := W �Ω. Then the braid group B�W = 〈Tx |x ∈ Ŵ 〉
acts faithfully on U ′ as a group of Q(q)-algebra automorphisms of U ′ via

Tx = T|x|Tρx , (4.27)

where x = |x|ρx, |x| ∈ W , and ρx ∈ Ω.
Let A1 be the localisation of the polynomial ring Q[q] at the maximal ideal

(q− 1), that is, the Q-subalgebra of Q(q) consisting of elements of Q(q) which have
no pole at q = 1. For each A1-module M , we can define a vector space 1M over
Q by setting 1M := Q ⊗A1 M , where Q is regarded as an A1-algebra via q �→ 1,
and call the canonical mapping M → 1M the specialization at q = 1. We note that
1M �M/{(q − 1)M}, and denote by m the image of m ∈M by the specialization
at q = 1.

Let A1U
′ be the A1-subalgebra of U ′ generated by {Ei, Fi, K

±1
i | i ∈ I}, and

A1U
+ the A1-subalgebra of U ′ generated by {Ei | i ∈ I}. Note that A1U

′ is stable
under the action of BW on U . Set A1U

+
μ := A1U

+ ∩ U+
μ for each μ ∈ Q+. Then

A1U
+ = ⊕μ∈Q+A1U

+
μ . We denote simply by 1U

+ and 1U
+
μ the image of A1U

+

and A1U
+
μ by the specialization at q = 1, respectively. Since A1U

+
μ is a finitely
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generated A1-module with torsion-free and A1 is a principal ideal domain, we see
that A1U

+
μ is a free A1-module with finite rank.

We define two sets Δ̃im
+ and Δ̃+ by setting

Δ̃im
+ := { (η, i) | η ∈ Δim

+ , i = 1, . . . , mult(η) }, Δ̃+ := Δre
+ � Δ̃im

+ , (4.28)

where mult(η) := dimQ gη, and define κ : Q+ → N by setting for each μ ∈ Q+,

κ(μ) := 	{ c : Δ̃+ → Z+ |
∑

α∈Δre
+

c(α)α +
∑

η∈Δim
+

∑mult(η)
i=1 c((η, i))η = μ }. (4.29)

Proposition 4.2 ([5],[14]). The Q-algebra 1U
+ is characterized as the associative

Q-algebra with the unit 1 defined by the generators {Ei | i ∈ I} and the following
fundamental relations:

1−Aij∑
k=0

(−1)kE
(1−Aij−k)

i EjE
(k)

i = 0 (i 	= j), (4.30)

where E
(k)

i = E
k

i /k!. Moreover, for each μ ∈ Q+, the following equality holds:

dimQ 1U
+
μ = dimQ(q) U+

μ = rankA1(A1U
+
μ ) = κ(μ). (4.31)

Lemma 4.3. Let V be a vector space over Q(q), W a submodule of V over A1,
and X = { xλ |λ ∈ Λ } is a subset of W with Λ an index set. Suppose that the
elements of { xλ |λ ∈ Λ } are linearly independent over Q. Then the elements of X
are linearly independent over Q(q). Here, xλ is the image of xλ by the specialization
at q = 1. Moreover, if, in addition, the subset X is a basis of V , then X is a basis
of W over A1.

Proof. Suppose that
∑

λ∈L kλxλ = 0 for some finite subset L ⊂ Λ with kλ ∈ Q(q)×.
Multiplying by a power of (q − 1), we may further assume that kλ ∈ A1 for all
λ ∈ L. Set n := max{m ≥ 0 | kλ/(q − 1)m ∈ A1 for all λ ∈ L }. Then there exists
an element λ∗ ∈ L such that kλ∗/(q − 1)n ∈ A1 \ (q − 1)A1. Hence the equality∑

λ∈L kλ/(q − 1)nxλ = 0 holds in 1W with kλ∗/(q − 1)n 	= 0. This contradicts to
the assumption.

Let us prove the second assertion. Let w be an arbitrary non-zero element of
W . Then w =

∑
λ∈M cλxλ for some finite subset M ⊂ Λ with cλ ∈ Q(q)×. Now

we set p := min{m ≥ 0 | cλ(q − 1)m ∈ A1 for all λ ∈ M }. We now assume that
p > 0. Then there exists an element λ� ∈M such that cλ�

(q− 1)p ∈ A1 \ (q− 1)A1.
Hence the equality 0 =

∑
λ∈L cλ(q − 1)pxλ holds in 1W with cλ�

(q − 1)p 	= 0. This
contradicts to the assumption. Thus we get p = 0. Therefore, all cλ with λ ∈ M
are non-zero elements of A1.

Definition 4.4. For each s ∈ W∗ and p ∈ N
(s), we define a weight vector Es(p)
of U+ with weight φs(p) by setting

Es(p) := Ts(1)Ts(2) · · ·Ts(p − 1)(Es(p)). (4.32)

If φs(p) = β, we denote the Es(p) by Eβ,s.

Lemma 4.5. (1) Let β be an element of Δre
+ , and s an element of W∗ such that

β = φs(p) for some p ∈ N
(s). Then Eβ,s belongs to A1U
+
β \ (q − 1)A1U

+. In
particular, the image Eβ,s of Eβ,s by the specialization at q = 1 is a non-zero
element of 1U

+
β .
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(2) Let β be an element of Δre
+ , and x an element of W such that β ∈ Φ(x).

We assume that Eβ,s1 ∈ Q(q)×Eβ,s2 for all s1, s2 ∈ W satisfying [s1] = [s2] = x.
Then Eβ,s1 = Eβ,s2 for all s1, s2 ∈ W satisfying [s1] = [s2] = x.

(3) Let β be an element of Δre
+ , and x an element of W such that β ∈ Φ(x). We

assume that if β =
∑

γ∈Φ(x) c(γ)γ with c(γ) ∈ Z+ for all γ ∈ Φ(x) then c(β) = 1
and c(γ) = 0 for all γ 	= β. Then Eβ,s1 = Eβ,s2 for all s1, s2 ∈ W satisfying
[s1] = [s2] = x.

Proof. Let us prove the part (1). By (4.18)–(4.20) and the right equation in (4.21),
it is easy to see that Ti(A1U

′) = A1U
′, and hence Ti((q − 1)A1U

′) = (q − 1)A1U
′

for all i ∈ I. Thus we see that Ti(A1U
′ \ (q − 1)A1U

′) = A1U
′ \ (q − 1)A1U

′ for all
i ∈ I. Then it follows from (4.32) that Eβ,s = Es(p) ∈ A1U

+
β \ (q − 1)A1U

+, since
Es(k(p)) ∈ A1U

+ \ (q − 1)A1U
+ and Eβ,s ∈ U+

β .
Let us prove the part (2). Put l = �(x). Let (p1, p2) be a unique pair of elements

of Nl such that φsi
(pi) = β for i = 1, 2. To prove the assertion, it suffices to show

the equality Es1(p1) = Es2(p2). Since s1 can be transformed to s2 by a finite
sequence of braid relations, we may assume that s1 can be transformed to s2 by
the following manner (i) or (ii) or (iii) or (iv):

(i) replacing two consecutive entries si, sj in s1 satisfying AijAji = 0 by sj , si;
(ii) replacing three consecutive entries si, sj , si in s1 satisfying AijAji = 1 by

sj , si, sj ;
(iii) replacing four consecutive entries si, sj, si, sj in s1 satisfying AijAji = 2 by

sj , si, sj , si;
(iv) replacing six consecutive entries si, sj , si, sj , si, sj in s1 satisfying

AijAji = 3 by sj , si, sj, si, sj , si.
In the case (i), there exists a unique m0 ∈ N such that s1(m0) = si, s1(m0 + 1) =

sj , s2(m0) = sj , s2(m0 + 1) = si, and s1(m) = s2(m) for all m 	= m0, m0 + 1.
Suppose that p1 < p2. Then p1 = m0 and p2 = m0 + 1 since φs1(p1) = φs2(p2).
Thus we get Es1(p1) = Es2(p2) since Ei = Tj(Ei). Suppose that p1 = p2. Then
p1 = p2 < m0 or m0 + 1 < p1 = p2 since φs1(p1) = φs2(p2), hence the equality is
valid since TiTj = TjTi and s1(m) = s2(m) for all m 	= m0, m0 + 1.

In the case (ii), there exists a unique m0 ∈ N such that s1(m0) = si, s1(m0 + 1) =
sj , s1(m0 + 2) = si, s2(m0) = sj , s2(m0 + 1) = si, s2(m0 + 2) = sj and s1(m) = s2(m)

for all m 	= m0, m0 + 1, m0 + 2. Suppose that p1 < p2. Then p1 = m0 and
p2 = m0 + 2, since φs1(p1) = φs2(p2). Thus we get Es1(p1) = Es2(p2), since
Ei = TjTi(Ej). Suppose that p1 = p2. Then there exist three cases (a)–(c) to be
considered: (a) p1 = p2 < m0, (b) m0 + 2 < p1 = p2, (c) p1 = p2 = m0 + 1, since
φs1(p1) = φs2(p2). In the case (a) or (b), the equality is valid since TiTjTi = TjTiTj

and s1(m) = s2(m) for all m 	= m0, m0 + 1, m0 + 2. In the case (c), Es1(p1) and
Es2(p2) are not proportional since Ti(Ej) and Tj(Ei) are not proportional, which
contradicts the assumption of (2). Therefore the assertion is valid in the case (ii).

Since the arguments for the cases (iii) and (iv) are similar to that for the case
(ii), we omit them.

Let us prove the part (3). Put l = �(x). Let (p1, p2) be a unique pair of elements
of Nl such that φsi

(pi) = β for i = 1, 2. Then Eβ,si = Esi
(pi) for i = 1, 2. By

Proposition 40.2.1 in [14], we see that

Es1(p1) =
∑

(c1,c2,··· ,cl)∈(Z+)l

k(c1,c2,··· ,cl)Es2(1)c1Es2(2)c2 · · ·Es2(l)
cl ,
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where k(c1,c2,··· ,cl) ∈ Q(q). Now suppose that (c1, c2, · · · , cl) is a sequence such that
k(c1,c2,··· ,cl) 	= 0. Then

∑l
p=1 cpφs2(p) = β. By the assumption, we see that cp2 = 1

and cp = 0 for all p 	= p2. Thus Es1(p1) = kEs2(p2) for some k ∈ Q(q)×. By the
part (2), we get Es1(p1) = Es2(p2), i.e., Eβ,s1 = Eβ,s2 .

5. The subalgebra UJ associated with ΔJ and the braid group action

Throughout this section, we assume that g is the affine Kac-Moody Lie algebra
of the type X

(1)
r (X = A,B, C,D, E, F,G) with Δ the root system.

Lemma 5.1. Let ε be an element of
◦
Δ+. If (s1, s2) is a pair of elements of W

such that δ − ε ∈ Φ([si]) ⊂ Δ(1,−) for i = 1, 2, then Eδ−ε,s1 = Eδ−ε,s2 .

Proof. We may assume that [s1] = [s2], and put x = [s1] = [s2]. Since γ ∈ Δ(1,−)

for each γ ∈ Φ(x), there exists d(γ) ∈ N such that γ = d(γ)δ+γ with γ ∈ ◦
Δ−. Now

suppose that δ− ε =
∑

γ∈Φ(x) c(γ)γ with c(γ) ∈ Z+ for all γ ∈ Φ(x). Then δ− ε =
(
∑

γ∈Φ(x) c(γ)d(γ))δ +
∑

γ∈Φ(x) c(γ)γ, which implies that c(δ − ε) = d(δ − ε) = 1
and c(γ) = 0 for all γ 	= δ − ε. Thus the Lemma follows immediately from Lemma
4.5(3).

Definition 5.2. For each ε ∈ ◦
Δ+, we define a weight vector Eδ−ε of U+ with

weight δ − ε by setting

Eδ−ε := Eδ−ε,s, (5.1)

where s is an element of W such that δ − ε ∈ Φ([s]) ⊂ Δ(1,−). By Lemma 5.1, we
see that the vector Eδ−ε is independent from the choice of s.

Definition 5.3. For each non-empty subset J ⊂ ◦
I, we define subalgebras of U over

Q(q) by setting

UJ := 〈Eα, K±1
α , Fα | α ∈ ΠJ 〉Q(q)-alg, U0

J := 〈K±1
α | α ∈ ΠJ 〉Q(q)-alg,

U+
J := 〈Eα | α ∈ ΠJ 〉Q(q)-alg, U≥0

J := 〈Eα, K±1
α | α ∈ ΠJ 〉Q(q)-alg,

U−
J := 〈Fα | α ∈ ΠJ 〉Q(q)-alg, U≤0

J := 〈K±1
α , Fα | α ∈ ΠJ 〉Q(q)-alg,

where Fα := Ω(Eα). Note that U0
J = {Kα |α ∈ QJ} and that if J =

◦
I then UJ = U ′

and U±
J = U±. For each μ ∈ QJ+, we set U+

Jμ := U+
J ∩ U+

μ . Note that

U+
J = ⊕μ∈QJ+

U+
Jμ.

Define Δ̃im
J+ ⊂ Δ̃im

+ and Δ̃J+ ⊂ Δ̃+ by setting

Δ̃im
J+ := { (mδ, j) | m ∈ N, j ∈ J }, Δ̃J+ := Δre

J+ � Δ̃im
J+.

and define κJ : QJ+ → N by setting for each μ ∈ QJ+,

κJ(μ) := 	{ c : Δ̃J+ → Z+ |
∑

α∈Δre
J+

c(α)α +
∑

mδ∈Δim
+

∑
j∈J

c((mδ, j))mδ = μ }.

Lemma 5.4. Let J and J′ be connected subsets of
◦
I which are disjointed with each

other, and j an arbitrary element of J∗.
(1) Let j− be a unique element of J∗ such that ρJj(αj−) = δ − θJ. Then

Eδ−θJ = T(εj)J(Ej− ), Kδ−θJ = T(εj)J(Kj−), Fδ−θJ = T(εj)J(Fj− ). (5.2)
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Here the translation tεj is simply denoted by εj. Let w◦ and w◦j be the longest

element of
◦

W J and
◦

W J\{j}, respectively, and set wJj := w◦w◦j. Then we have

T(εj)J = Tεj T
−1
wJj

. (5.3)

In particular, we have

Eδ−αj = Tεj T
−1
j (Ej), Kδ−αj = Tεj T

−1
j (Kj), Fδ−αj = Tεj T

−1
j (Fj). (5.4)

(2) For each i ∈ ◦
I \ J, z ∈ ◦

W J′ , and j′ ∈ J′
∗, we have

(i) [T(εj)J , Tεi ] = 0, (ii) [T(εj)J , Tz] = 0, (iii) [T(εj)J , T(εj′ )J
′ ] = 0. (5.5)

(3) For each i ∈ ◦
I \ J, z ∈ ◦

W J′ , and (X, Y ) ∈ UJ × UJ′ , we have

(i) Tεi(X) = X, (ii) Tz(X) = X, (iii) T(εj)J(Y ) = Y. (5.6)

(4) For each (X, Y ) ∈ UJ × UJ′ , we have [X, Y ] = 0.

Proof. (1) By Lemma 2.7(2.5)(i), (2.13)(i), and Definition 5.2, we have

Eδ−θJ = T(εj)J(Ej− ), Kδ−θJ = T(εj)J(Kj−).

Since ΩT(εj)J = T(εj)JΩ, we have

Fδ−θJ = Ω(Eδ−θJ ) = T(εj)J(Fj− ).

The (5.3) follows from the following equalities:

�((εj)J) + �((εj)J) = �(εj), (εj)J = wJj .

In the case where J = {j}, we have j− = j and wJj = sj . Hence we have (5.4) by
(5.3).

The part (2) follows from Lemma 2.7(2).
(3) Since tεi(α) = α we have Tεi(Eα) = Eα, Tεi(Kα) = Kα, and Tεi(Fα) = Fα for

each α ∈ ◦
ΠJ. By (5.2) and (5.5)(i), we see that Tεi(Eδ−θJ) = Eδ−θJ , Tεi(Kδ−θJ) =

Kδ−θJ, and Tεi(Fδ−θJ) = Fδ−θJ , and hence we have (i). Since z(α) = α we have

Tz(Eα) = Eα, Tz(Kα) = Kα, and Tz(Fα) = Fα for each α ∈ ◦
ΠJ. By (5.2) and

(5.5)(ii), we see that Tz(Eδ−θJ) = Eδ−θJ , Tz(Kδ−θJ) = Kδ−θJ , and Tz(Fδ−θJ) =
Fδ−θJ , and hence we have (ii). The (iii) follows from (i)(ii) and (5.3).

(4) It suffices to prove that [Xα, Yα′ ] = 0 for X, Y = E, K, F and (α,α′) ∈
ΠJ × ΠJ′ . Since (α |α′) = 0, it is clear that [Eα, Kα′ ] = [Fα, Kα′ ] = 0. Let us
prove that [Eα, Eα′ ] = 0. Suppose that j ∈ J∗ and j′ ∈ J′∗. In the case where

(α,α′) ∈ ◦
ΠJ ×

◦
ΠJ′ , it is clear that [Eα, Eα′ ] = 0. In the case where α = δ − θJ and

α′ ∈ ◦
ΠJ′ , we have

[Eα, Eα′ ] = T(εj)J([Ej∗ , Eα′ ]) = 0

by (5.2) and (3), where j− is a unique element of J such that ρJj(αj− ) = α. In the
case where α = δ − θJ and α′ = δ − θJ′ , we have

[Eα, Eα′ ] = T(εj)JT(εj′ )J
′ ([Ej− , Ej′− ]) = 0

by (5.2) and (3), where j′− is a unique element of J′
∗ such that ρJ′j′ (αj′−) = α′.

Similarly, we can prove that [Eα, Fα′ ] = [Fα, Fα′ ] = 0.
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Proposition 5.5. Let J be a non-empty subset of
◦
I, and J1, . . . ,JC(J) the con-

nected components of J with C(J) the number of the connected components. If
Jc and Jc′ are different connected components of J, then [X, X ′] = 0 for all
(X, X ′) ∈ UJc

× UJc′ . Moreover, the following equality holds:

UJ = spanQ(q){
∏C(J)

c=1 Xc | Xc ∈ UJc
}. (5.7)

Proof. The first assertion follows from Lemma 5.4(4), and the second assertion
follows from the first assertion and Definition 5.3.

Proposition 5.6. (1) Let us use the notation introduced in Definition 3.4. For
each ρ ∈ ΩJ and α ∈ ΠJ, the following equalities hold :

T�ρ(Eα) = Eρ(α), T�ρ(Kα) = Kρ(α), T�ρ(Fα) = Fρ(α). (5.8)

In particular, the restriction T�ρ|UJ is an automorphism of UJ.

(2) Let J and J′ be connected subsets of
◦
I which are disjointed with each other.

Then [T�τ , T�σ] = 0 for all (τ, σ) ∈ ΩJ × ΩJ′ . Moreover, T�τ (X) = X for all τ ∈ ΩJ

and X ∈ UJ′ .

Proof. (1) By Proposition 2.5, we may assume that ρ = ρJj with j ∈ J∗. Then we
have T�ρ = T(εj)J by Definition 3.5. By (2.10) and (2.12), we have �({(εj)J}2) =
2�((εj)J), and hence T{(εj)J}2 = (T(εj)J)2. In the case where α = δ − θJ, by (5.2)
we have

T�ρ(Eα) = (T(εj)J)2(Ej− ) = T{(εj)J}2(Ej− ) = Eρ(α)

since

ρ(α) = ρ(δ − θJ) = {(εj)J}2(αj−) = αj ∈
◦
ΠJ.

In the case where α = αj− , the equalities in (5.8) are nothing but the equalities in

(5.2). In the case where α ∈ ◦
ΠJ \ {αj−}, since ρ(α) ∈ ◦

ΠJ, the equalities in (5.8) is
clear.

(2) The first assertion follows from (5.5)(iii), and the second assertion follows
from (5.6)(iii).

Proposition 5.7. (1) Let J be an arbitrary connected subset of
◦
I. Then the Q(q)-

subalgebra UJ of U is characterized as the associative Q(q)-algebra with the unit
1 defined by the generators {Eα, K±1

α , Fα |α ∈ ΠJ} and the following fundamental
relations:

[Kα , Kβ ] = 0, KαK−1
α = K−1

α Kα = 1, (5.9)

KαEβK−1
α = q(β|α)Eβ , KαFβK−1

α = q−(β|α)Fβ , (5.10)

[Eα , Fβ ] = δαβ(Kα −K−1
α )/(qα − q−1

α ), (5.11)

(adqEα)(1−Aαβ).Eβ = (adqFα)(1−Aαβ).Fβ = 0 (α 	= β), (5.12)

where α, β ∈ ΠJ. Moreover, the following equality holds:

U+
J = ⊕μ∈QJ+U+

Jμ (5.13)

with the following equality:

dimQ(q) U+
Jμ = κJ(μ). (5.14)
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(2) For each non-empty subset J ⊂ ◦
I, the multiplication defines the following

isomorphism m of Q(q)-vector spaces:

m : U+
J ⊗ U0

J ⊗ U−
J

∼−→UJ. (5.15)

Proof. It is clear that all of the clams in (1) and (2) are valid in the case where

J =
◦
I. Hence we may assume that J is a non-empty proper subset of

◦
I. Then we

see that the irreducible root system
◦
ΔJ is not of type E8 or F4 or G2, and hence

	J∗ ≥ 1.
Let ǓJ be the associative Q(q)-algebra with the unit 1 defined by the generators

{Ěα, F̌α, Ǩ±1
α |α ∈ ΠJ} and the fundamental relations (5.9)–(5.12) with replacing

Xα by X̌α for X = E, K±1, F with α ∈ ΠJ. To prove the part (1), it suffices to
prove the claim that the assignment X̌α �→ Xα for X = E, K±1, F with α ∈ ΠJ

defines a Q(q)-algebra isomorphism hJ : ǓJ → UJ. In the case where 	J = 1,
the claim is nothing but that of Proposition 3.8 in [1]. Hence we may assume
that 	J ≥ 2. To prove the well-definedness of hJ, we show that the generators
{Eα, K±1

α , Fα |α ∈ ΠJ} of UJ satisfies the relations (5.9)–(5.12). The relations
(5.9), (5.10), and (5.11) for α = β are clear. Thus it suffices to prove the relations

(5.11) for α 	= β and (5.12). In the case where {α, β} ⊂ ◦
ΠJ, the relations (5.11) for

α 	= β and (5.12) are clear.
Suppose that {α, β} = {αj, δ − θJ} with j ∈ J∗ satisfying ord(ρJj) ≥ 3. Then,

there exists an element τ of the cyclic group generated by ρJj such that τ(α) and

τ(β) are distinct elements of
◦
ΠJ. Since Aαβ = Aτ(α)τ(β), it follows from Proposition

5.6 that

T�τ ([Eα, Fβ ]) = [Eτ(α), Fτ(β)] = 0, (5.16)

T�τ ((adqEα)(1−Aαβ).Eβ) = (adqEτ(α))(1−Aτ(α)τ(β)).Eτ(β) = 0, (5.17)

T�τ ((adqFα)(1−Aαβ).Fβ) = (adqFτ(α))(1−Aτ(α)τ(β)).Fτ(β) = 0. (5.18)

Since T�τ is an automorphism of UJ, the equalities (5.16)(5.17)(5.18) imply the
relations (5.11) for α 	= β and (5.12) are valid in this case.

Suppose that {α, β} = {αj, δ−θJ} with j ∈ J∗ satisfying (ρJj)2 = 1. By Lemma
2.8 and Definition 5.2, we see that Eα = Tz(Ei), Eβ = Tz(Ei′), and Fβ = Tz(Fi′ )
for some z ∈ W (Δ(1,−)) and distinct elements i, i′ ∈ I. Since Aαβ = Aii′ , it follows
that

[Eα, Fβ ] = Tz([Ei, Fi′ ]) = 0,

(adqEα)(1−Aαβ).Eβ = Tz((adqEi)(1−Aii′ ).Ei′) = 0,

(adqFα)(1−Aαβ).Fβ = Tz((adqFi)(1−Aii′ ).Fi′) = 0.

Suppose that {α, β} = {αj′ , δ − θJ} with j′ ∈ J \ J∗. By Proposition 2.5 and
the first assertion of Lemma 2.7(5), we see that ρJj(α) and ρJj(β) are distinct

elements of
◦
ΠJ for each j ∈ J∗. Put ρ = ρJj . Since Aαβ = Aρ(α)ρ(β), it follows

from Proposition 5.6 that the equalities (5.16)(5.17)(5.18) hold with replacing τ by
ρ. Hence the relations (5.11) for α 	= β and (5.12) are valid in this case.

We next prove (2). It is clear that U+
J ⊂ U+, U0

J ⊂ U0, and U−
J ⊂ U−, and

hence the multiplication mapping m is an injective Q(q)-linear mapping. In the
case where J is connected, by (5.9)–(5.11), we see that m is surjective. In the
general case, the surjectivity of m follows from Lemma 5.4(4).
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The surjectivity of hJ is clear. We prove the injectivity of hJ. Let Ǔ+
J be the

subalgebra of ǓJ generated by {Ěα |α ∈ ΠJ}, Ǔ0
J the subalgebra of ǓJ generated

by {Ǩ±1
α |α ∈ ΠJ}, and Ǔ−

J the subalgebra of ǓJ generated by {F̌α |α ∈ ΠJ}.
Then it is clear that hJ(Ǔ+

J ) = (U+
J ), hJ(Ǔ0

J ) = (U0
J ), and hJ(Ǔ−

J ) = (U−
J ). Set

h±
J := hJ|U±

J
and h0

J := hJ|U0
J
. Then we see that

hJ ◦ m̌ = m ◦ (h+
J ⊗ h0

J ⊗ h−
J ),

where m̌ is the multiplication mapping Ǔ+
J ⊗ Ǔ0

J ⊗ Ǔ−
J → ǓJ. Since both m and m̌

are isomorphisms of Q(q)-vector spaces, it suffices to show that Ǔ±
J ∩Ker hJ = {0}

and Ǔ0
J ∩ Ker hJ = {0}. It is clear that Ǔ0

J ∩ Ker hJ = {0}. Now suppose that
u ∈ Ǔ−

J ∩ Ker hJ. Let λ be an element of h∗ such that 2(α |λ)/(α |α) = 1 for
all α ∈ ΠJ. For each n ∈ N, let ρn : U → End(M (nλ)) be the representation of
U on the Verma module M (nλ) with highest weight nλ, and vn a highest weight
vector of M (nλ). Set Mn := ρn(UJ)vn. Since ρn(U+

J )vn = {0}, we see that Mn =
ρn(U−

J )vn and U0Mn = Mn. It follows that Mn = ⊕α∈QJ+(Mn ∩M (nλ)nλ−α) and
dimQ(q)(Mn ∩M (nλ)nλ) = 1, where M (nλ)nλ−α is the weight space of M (nλ) with
weight nλ−α. Therefore we may regards the composition ρn◦hJ as a highest weight
representation of ǓJ on Mn with highest weight nλ. Hence there exists a unique
irreducible quotient Ln of Mn as ǓJ-module. Since u ∈ Ǔ−

J ∩ Ker hJ, we see that
uLn = {0} for all n ∈ N. By the assumptions of λ, we see that Ln is an integrable
highest weight ǓJ-module for each n ∈ N. Thus we get u ∈ ∩n>0

(∑
α∈ΠJ

Ǔ−
J F̌n+1

α

)
,

and hence u = 0. Similarly, we have Ǔ+
J ∩Ker hJ = {0} by considering lowest weight

modules.
The (5.13) follows immediately from Definition 5.3, and the (5.14) follows from

the characterization of UJ above and (4.31) in Proposition 4.2.

Remark 5.8. (1) In the case where 	J = 1, the characterization of UJ described
in the part (1) of Proposition 5.7 is given by J. Beck in [1].

(2) We will show that the part (1) of Proposition 5.7 is still valid in the case

where J is an arbitrary non-empty subset of
◦
I (see Proposition 7.1).

Lemma 5.9. Let J be an arbitrary connected subset of
◦
I. Then, for each j ∈ J,

the following equality holds:

Tj|UJ = hJ ◦ Ťj ◦ h−1
J , (5.19)

where hJ : ǓJ → UJ is the Q(q)-algebra isomorphism introduced in the proof of
Proposition 5.7 and Ťj is the Lusztig’s automorphism of ǓJ.

Proof. We note that the proof is similar to that of Corollary (a) of Proposition 3.8
in [1]. Let M be an arbitrary integrable Uq(g)-module. Then M can be regarded
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as an integrable ǓJ-module via hJ. It follows from Lemma 4.1 that

Tj(Eδ−θJ).TjM (m) = TjM (Eδ−θJ .m)

=
∑

a,b,c≥0;−a+b−c=n+〈α∨
j ,δ−θJ〉

(−1)bqb−ac
j E

(a)
j F

(b)
j E

(c)
j Eδ−θJ .m

= hJ

⎛⎝ ∑
a,b,c≥0;−a+b−c=n+〈α∨

j ,δ−θJ〉
(−1)bqb−ac

j Ě
(a)
j F̌

(b)
j Ě

(c)
j Ěδ−θJ

⎞⎠ .m

= hJ

⎛⎝Ťj(Ěδ−θJ)
∑

a,b,c≥0;−a+b−c=n

(−1)bqb−ac
j Ě

(a)
j F̌

(b)
j Ě

(c)
j

⎞⎠ .m

= hJ(Ťj(Ěδ−θJ)).TjM (m) = hJ ◦ Ťj ◦ h−1
J (Eδ−θJ).TjM (m)

for all n ∈ Z and m ∈ Mn
j . Thus we get Tj(Eδ−θJ) = hJ ◦ Ťj ◦ h−1

J (Eδ−θJ)
by Proposition 3.5.4 of [14]. Similarly, we see that Tj(u) = hJ ◦ Ťj ◦ h−1

J (u) for
u = Eα, Fα, Kα with α ∈ ΠJ. Hence (5.19) is valid since the both sides of (5.19)
are automorphisms of UJ.

Proposition 5.10. Let us use the notations introduced in Definition 3.5. Let J be
an arbitrary connected subset of

◦
I. Then the following equalities hold :

T�sα
(Eα) = −FαKα, T�sα

(Eβ) = (adqEα)(−Aαβ).Eβ (α 	= β), (5.20)

T�sα
(Fα) = −K−1

α Eα, T�sα
(Fβ) = Ω(T�sα

(Eβ)) (α 	= β), (5.21)

T�sα
(Kβ) = Ksα(β) = KβK

−Aαβ
α , (5.22)

where α, β ∈ ΠJ. In particular, the restriction of T�sα
|UJ is an automorphism of UJ.

If, in addition, J′ is a connected subsets of
◦
I which is disjointed with J, then the

following equalities hold :

(i) T�sα
(X) = X, (ii) [T�τ , T�sα′ ] = 0, (iii) [T�sα

, T�sα′ ] = 0. (5.23)

for all X ∈ UJ′ , (α,α′) ∈ ΠJ ×ΠJ′ , and τ ∈ ΩJ.

Proof. By Lemma 2.7(5) and Definition 3.5, we have

Ts̃δ−θJ
= T(εj0 )JTj−0

T(ε
j
−
0

)J , (5.24)

where j0 and j−0 are the fixed elements of J∗ such that δ − θJ = ρJj0(αj−0
) and

(ρJj0)−1 = ρ
Jj−0

.
Let us prove (5.22). In the case where α = αj with j ∈ J, the equality is clear

since T�sα
= Tj. In the case where α = δ − θJ, (2.14) implies (5.22).

Let us prove the left equality of (5.20) and (5.21). In the case where α = αj

with j ∈ J, the equalities are clear since T�sα
= Tj . In the case where α = δ− θJ, it

follows from (5.2), (5.24), and Proposition 5.6(1) that

T�sα
(Eα) = T(εj0 )JTj−0

(Ej−0
) = T(εj0)J(−Fj−0

Kj−0
) = −FαKα.

Since ΩT�sα
= T�sα

Ω, we have T�sα
(Fα) = −K−1

α Eα.
Let us prove the right equality of (5.20) and (5.21). Since Fβ = Ω(Eβ), the right

equality of (5.21) follows from the right equality of (5.20) and the left equality of
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(4.21). Hence it suffices to prove the right equality of (5.20). In the case where
α = αj with j ∈ J, since T�sα

= Tj , it follows from Lemma 5.9 that

T�sα
(Eβ) = Tj(Eβ) = hJ ◦ Ťj ◦ h−1

J (Eβ) = hJ ◦ Ťj(Ěβ)

= hJ

(
(adqĚj)

(−Aαjβ).Ěβ

)
= (adqEj)

(−Aαjβ).Eβ = (adqEα)(−Aαβ).Eβ .

In the case where α = δ − θJ and β = αj with j ∈ J, set γ := ρ−1
Jj0

(β) = ρ−1
Jj0

(αj),
then we see that T(ε

j
−
0

)J(Eβ) = Eγ and T(εj0 )J(Eγ) = Eβ , and hence

T�sα
(Eβ) = T(εj0 )JTj−0

T(ε
j
−
0

)J(Eβ) = T(εj0 )JTj−0
(Eγ)

= T(εj0 )J

(
(adqEj−0

)
(−A

j
−
0 γ

)
.Eγ

)
= (adqEα)(−Aαβ).Eβ ,

where Aj−0 γ = 2(αj−0
|γ)/(αj−0

|αj−0
).

The (i) of (5.23) follows from Lemma 5.4(3)(ii)(iii), and the (ii)(iii) of (5.23)
follow from Lemma 5.4(2)(ii)(iii).

Definition 5.11. For each non-empty subset J ⊂ ◦
I, we define B�WJ

to be the braid

group associated with ŴJ by the generators {JTsα , JTτ |α ∈ ΠJ, τ ∈ ΩJ} and the
following fundamental relations:

(i) JTsα · JTsβ
= JTsβ

· JTsα if ord(sαsβ) = 2,
(ii) JTsα · JTsβ

· JTsα = JTsβ
· JTsα · JTsβ

if ord(sαsβ) = 3,

(iii) (JTsα · JTsβ
)2 = (JTsβ

· JTsα)2 if ord(sαsβ) = 4,

(iv) (JTsα · JTsβ
)3 = (JTsβ

· JTsα)3 if ord(sαsβ) = 6,

(v) JTτ · JTsα = JTsτ(α) · JTτ , (vi) JTτ · JTτ ′ = JTττ ′, (vii) JT1 = 1,

where ord(x) is the order of x. The braid group B�WJ
is also defined by the generators

{JTx |x ∈ ŴJ} and the following fundamental relations:

JTx · JTy = JTxy if �J(x) + �J(y) = �J(xy),

where �J : ŴJ → Z+ is the extended length function. In the case where J =
◦
I, we

can denote JTx simply by Tx.

Theorem 5.12. Let us use the notations introduced in Definition 3.5. For each
non-empty subset J ⊂ ◦

I, the braid group B�WJ
acts on UJ as a group of Q(q)-algebra

automorphisms of UJ via

JTs �→ T�s|UJ , (5.25)

where s ∈ ŜJ. Moreover, the action of JTx on UJ is given by

JTx �→ T[�s]|UJ (5.26)

for each x ∈ ŴJ, where s is an element of ŴJ such that [s] = x.

Proof. By direct calculations as in the section 39.2 of the Lusztig’s book [14] using
Proposition 5.5–5.7 and 5.10, we see that the automorphisms T�s|UJ satisfy the
fundamental relations (i)–(vii) of B�WJ

with replacing JTs by T�s|UJ , and hence the
assignment (5.25) defines a group homomorphism from B�WJ

to the automorphism
group Aut(UJ).



30 K. ITO

We next prove (5.26). Denote the s by s = (s(p))p∈Nn with n ∈ N. Then

x = [s] = s(1)s(2) · · ·s(n), �J(x) = �J(s(1)) + �J(s(2)) + · · ·+ �J(s(n)),

and hence the following equality in B�WJ
holds:

JTx = JTs(1) · JTs(2) · · · JTs(n).

By (3.6)(3.11), we see that

[s̃] = s̃(1)s̃(2) · · · s̃(n), �([s̃]) = �(s̃(1)) + �(s̃(2)) + · · ·+ �(s̃(n)),

which imply the following equality in B�W :

T[�s] = T�s(1)
· T�s(2)

· · ·T�s(n)
.

Thus we get the following equality:

T[�s]|UJ = T�s(1)
|UJ · T�s(2)

|UJ · · ·T�s(n)
|UJ .

Therefore the action of JTx on UJ is given by (5.26).

Remark 5.13. Note that JTw(u) = Tw(u) for each w ∈ ◦
W J and u ∈ UJ and that

if J =
◦
I then JTx(u) = Tx(u) for each x ∈ ŴJ and u ∈ UJ. In Proposition 5.20, we

will prove that the action of B�WJ
on UJ is faithful.

Lemma 5.14. Let J be an arbitrary non-empty subset of
◦
I, and K an arbitrary

connected subset of J.
(1) The equality [JTx, Tεi ] = 0 in Aut(UJ) holds for all x ∈ ŴJ and i ∈ ◦

I \ J.
(2) For each k ∈ K∗, we have

Eδ−θK = JTεk
T−1

(εk)K
(Ek−), (5.27)

where k− is a unique element of K∗ such that ρKk(αk− ) = δ − θK. In particular,
we have Eδ−θK ∈ U+

J and the following inclusions:

UK ⊂ UJ, U+
K ⊂ U+

J , U−
K ⊂ U−

J , U0
K ⊂ U0

J . (5.28)

Proof. (1) This follows from Lemma 5.4(2)(i) and the equality [Tj , Tεi ] = 0 in
Aut(UJ) for all j ∈ J.

(2) Let s be an element of ŴJ such that [s] = tεk
. Then, by Theorem 5.12, we

have the following equality in Aut(UJ):

JTεk
= T[�s]|UJ . (5.29)

By (2.5)(i), (2.13)(i) in Lemma 2.7, and (3.20)(i) in Lemma 3.9, we have

[s̃]K(αk− ) = δ − θK = (εk)K(αk−).

Since Φ(εk) ⊂ Δ(1,−), we have Φ((εk)K) ⊂ Δ(1,−). Moreover, by (3.12)(3.13),
we have Φ([s̃]) ⊂ Δ(1,−), hence Φ([s̃]K) ⊂ Δ(1,−). Therefore, by Lemma 5.1 and
Definition 5.2, we have

T[�s]K(Ek− ) = Eδ−θK = T(εk)K(Ek− ). (5.30)

By Lemma 3.9(3.20)(ii), we have

T[�s] = T[�s]KT(εk)K . (5.31)

Since T−1
(εk)K

(Ek−), by (5.29)(5.30)(5.31), we get

Eδ−θK = T[�s]|UJT−1
(εk)K

(Ek−) = JTεk
T−1

(εk)K
(Ek−).
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Proposition 5.15. For each non-empty subset J ⊂ ◦
I and j ∈ J, we have

JTεj = Tεj |UJ . (5.32)

Proof. Put K = {j}. Then we see that θK = αj , (εj)K = sj , and j− = j. By
Lemma 5.14(2), we have

Eδ−αj = JTεj T
−1
j (Ej). (5.33)

Suppose that j ∈ J∗. Then we see that

εj = ρJj(εj)J, �J(εj) = �J(ρJj) + �J((εj)J), ρ̃Jj = (εj)J.

Since JTεj = JTρJj · JT(εj)J , we have

JTεj = T(εj)J |UJ · T(εj)J |UJ = Tεj |UJ .

We next suppose that j ∈ J \ J∗. It suffices to show that

JTεj (X) = Tεj (X) (5.34)

for X = Eα, Fα, K±1
α with α ∈ ΠJ. In the case where X = K±1

α , the (5.34) is clear.
By (5.33), we have

JTεj (Fj) = −K−1
δ−αj

Eδ−αj = Tεj (Fj)

for each j ∈ J. In the case where j′ ∈ J \ {j}, we have tεj (αj′ ) = αj′ , and hence

JTεj (Fj′ ) = Fj′ = Tεj (Fj′ ).

Thus (5.34) holds in the case where X = Fα with α ∈ ◦
ΠJ. Since [Ω, JTεj ] = 0, the

(5.34) holds in the case where X = Eα with α ∈ ◦
ΠJ. Therefore we have

JTεj | ◦
UJ

= Tεj | ◦
UJ

,

where
◦
UJ is the Q(q)-subalgebra of UJ generated by {Eα, Fα, K±1

α |α ∈
◦
ΠJ}. We

next prove (5.34) in the case where X = Eδ−θJ . By Lemma 5.14(2), we have

Eδ−θJ = JTεk
T−1

(εk)J
(Ek−),

where k, k− ∈ J∗ such that ρJk(αk− ) = δ − θJ. Since k ∈ J∗, we have

JTεk
= Tεk

|UJ .

Since T−1
(εk)J

(Ek−) ∈ ◦
UJ, we have

JTεj T
−1
(εk)J

(Ek− ) = Tεj T
−1
(εk)J

(Ek− ).

In addition, it is clear that [JTεj , JTεk
] = 0. Therefore we see that

JTεj (Eδ−θJ) = JTεk
· JTεj T

−1
(εk)J

(Ek− ) = JTεk
Tεj T

−1
(εk)J

(Ek− )

= Tεk
Tεj T

−1
(εk)J

(Ek− ) = Tεj Tεk
T−1

(εk)J
(Ek−) = Tεj (Eδ−θJ).

The (5.34) for X = Fδ−θJ also holds, since [Ω, JTεj ] = 0.
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Definition 5.16. Let J be an arbitrary non-empty subset of
◦
I. For each y ∈ ŴJ,

we define Q(q)-subalgebras AJ(y) and AJ(y)c of U+
J by setting

AJ(y) := { u ∈ U+
J | JT−1

y (u) ∈ U≤0
J }, AJ(y)c := { u ∈ U+

J | JT−1
y (u) ∈ U+

J }.
(5.35)

Note that AJ(y) = AJ(|y|) and AJ(y)c = AJ(|y|)c, where y = |y|τy, |y| ∈ WJ, and
τy ∈ ΩJ. For each B ∈ B∗

J, we set

AJ(B) :=
⋃

y∈WJ(B)

AJ(y), AJ(B)c :=
⋂

y∈WJ(B)

AJ(y)c, (5.36)

where WJ(B) = { y ∈ WJ |ΦJ(y) ⊂ B }. Here note that AJ(B)c is a Q(q)-
subalgebra of U+

J . In Proposition 7.2(2), we will show that AJ(B) is also a Q(q)-

subalgebra of U+
J . For each w ∈ ◦

W J, we set

AJ(w,−) := AJ(ΔJ(w,−)), AJ(w,−)
c := AJ(ΔJ(w,−))c, (5.37)

AJ(w,+) := ΨAJ(ΔJ(w,+)), AJ(w, +)
c := ΨAJ(ΔJ(w, +))c. (5.38)

Note that

AJ(w,−) = { u ∈ U+
J | ∃y ∈ WJ(ΔJ(w,−)); JT

−1
y (u) ∈ U≤0

J }, (5.39)

AJ(w,−)
c = { u ∈ U+

J | ∀y ∈ WJ(ΔJ(w,−)), JT
−1
y (u) ∈ U+

J }, (5.40)

AJ(w,+) = { u ∈ U+
J | ∃y ∈ WJ(ΔJ(w,+)); JTy−1(u) ∈ U≤0

J }, (5.41)

AJ(w,+)
c = { u ∈ U+

J | ∀y ∈ WJ(ΔJ(w,+)), JTy−1(u) ∈ U+
J }. (5.42)

In addition, we define a Q(q)-subalgebra AJ(w, 0) of U+
J by setting

AJ(w, 0) := AJ(w,−)
c ∩AJ(w,+)

c. (5.43)

In the case where J =
◦
I, we will denote the symbols above more simply by removing

J from them.

Lemma 5.17. (1) For each y ∈WJ, the multiplication defines the following injec-
tive Q(q)-linear mappings:

AJ(y)⊗AJ(y)c ↪→ U+
J , AJ(y)c ⊗AJ(y) ↪→ U+

J . (5.44)

(2) Let w◦ be the longest element of
◦

W J. Then the following equalities hold :

AJ(w,+) = ΨAJ(ww◦,−), AJ(w, +)
c = ΨAJ(ww◦,−)

c, (5.45)

AJ(w, 0) = ΨAJ(ww◦, 0). (5.46)

Proof. (1) Since JTy is an automorphism of the Q(q)-algebra UJ, the assignment
a⊗ b �→ JT

−1
y (a)⊗ JT

−1
y (b) defines an automorphism (JT−1

y )⊗2 of the Q(q)-algebra
U⊗2

J . Let m be the multiplication mapping AJ(y) ⊗ AJ(y)c → U+
J , and m′ the

multiplication mapping U≤0
J ⊗ U+

J � UJ. Then we see that

JT
−1
y ◦m = m′ ◦ (JT−1

y )⊗2|AJ(y)⊗AJ(y)c ,

where (JT−1
y )⊗2|AJ(y)⊗AJ(y)c is the restriction of (JT−1

y )⊗2 to AJ(y)⊗AJ(y)c. Since
the right hand side is injective, we see that m is injective. The proof of the remains
is quite similar.
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(2) The equality ΔJ(w,+) = ΔJ(ww◦,−) implies (5.45). From (5.45), it follows
that

ΨAJ(ww◦, +)
c = ΨΨAJ(ww◦w◦,−)

c = AJ(w,−)
c.

Hence, by (5.43), we see that

ΨAJ(ww◦, 0) = ΨAJ(ww◦,−)
c ∩ ΨAJ(ww◦, +)

c = AJ(w,+)
c ∩AJ(w,−)

c = AJ(w, 0).

Definition 5.18. For each s ∈ SJ, we set

Es :=

{
Eδ−θJc

if s = sδ−θJc
with c = 1, . . . , C(J),

Ej if s = sj with j ∈ J,
(5.47)

where Eδ−θJc
is introduced in Definition 5.2. For each s ∈ W∗

J and p ∈ N
(s), we
define a weight vector Es(p) of U+

J with weight φs(p) by setting

Es(p) := JTs(1) · · · · · JTs(p − 1)(Es(p)). (5.48)

If φs(p) = β, we denote the Es(p) by Eβ,s.
For each function f : X → Z+, we set supp(f) := {x ∈ X | f(x) > 0}, and call

the set supp(f) the support of f . If 	supp(f) < ∞, we call f a finitely supported
function.

For each finitely supported function c : N
(s) → Z+, we set

Ec
s,< := Es(p1)c(p1) · Es(p2)c(p2) · · · · · Es(pm)c(pm), (5.49)

Ec
s,> := Es(pm)c(pm) · · · · ·Es(p2)c(p2) ·Es(p1)c(p1), (5.50)

where supp(c) = {p1, p2, . . . , pm} with p1 < p2 < · · · < pm. Here we set Ec
s,< =

Ec
s,> := 1 in the case where supp(c) = ∅. Let us denote by Es,< (resp. Es,>) the

set of all Ec
s,< (resp. Ec

s,>).

Proposition 5.19. (1) Let B be a real biconvex set in ΔJ+, and s an element
of W∗

J such that B = Φ∗
J([s]). Then the set Es,< (resp. Es,>) form a basis of a

subspace UJ,<(B) (resp. UJ,>(B)) of U+
J which does not depend on the choice of s.

Moreover, the multiplication defines the following injective Q(q)-linear mappings:

UJ,<(B)⊗AJ(B)c ↪→ U+
J , UJ,>(B)⊗AJ(B)c ↪→ U+

J , (5.51)

AJ(B)c ⊗ UJ,<(B) ↪→ U+
J , AJ(B)c ⊗ UJ,>(B) ↪→ U+

J . (5.52)

(2) Let J1, J2 be non-empty subsets of
◦
I which are disjointed with each other, and

(B1, B2) an element of B∗
J1
× B∗

J2
. Then the multiplication defines the following

injective Q(q)-linear mappings:

UJ1,<(B1)⊗ UJ2,<(B2) ↪→ U+, UJ1,>(B1)⊗ UJ2,>(B2) ↪→ U+. (5.53)

Proof. (1) We first consider the linear independence over Q(q) of the sets Es,<.
Since the proof of the linear independence is similar to that of Lemma 8.21 in
[10], so we omit the detailed proof, but we give a key point. Since Ek

j is a non-
zero element of AJ(sj) with weight kαj for each j ∈ J and k = 0, 1, . . . , m, the
elements Ek

j (k = 0, 1, . . . , m) of AJ(sj) are linearly independent over Q(q). Thus
it follows from Lemma 5.17(1) that the equalities

∑m
k=0 Ek

j uk = 0 with uk ∈ AJ(sj)c

(k = 0, 1, . . . , m) imply that uk = 0 for all k.
We next prove the independence of UJ,<(B) from the choice of s. For conve-

nience, we denote by UJ,<(s) the Q(q)-subspace of U+
J spanned by Es,<. Then it
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suffices to show that UJ,<(s) = UJ,<(s′) for another element s′ ∈ W∞ such that
Φ∞([s′]) = B. In the case where B is a finite biconvex set in ΔJ+, since s is
a finite reduced word, the proof of the assertion is similar to that of Proposition
8.22 in [10], so we omit that. We will prove the case where B is a infinite real
biconvex set in ΔJ+. Since Φ∞

J ([s]) = Φ∞
J ([s′]), for each (m,n) ∈ N2, there exists

(m′, n′) ∈ Z>m × Z>n such that ΦJ([s|m]) ⊂ ΦJ([s′|m′ ])and ΦJ([s′|n]) ⊂ ΦJ([s|n′ ]),
which implies UJ,<([s|m]) ⊂ UJ,<([s′|m′ ]) and UJ,<([s|n]) ⊂ UJ,<([s′|n′ ]). Since
UJ,<(s) = ∪p∈NUJ,<([s|p]) and UJ,<(s′) = ∪p∈NUJ,<([s′|p]), we get UJ,<(s) =
UJ,<(s′). Since the proof of the assertion for Es,> is quite similar, we omit that.

We next prove (5.51) and (5.52). By Lemma 5.17(1), we see that the multi-
plication AJ([s|p]) ⊗ AJ([s|p])c → U+

J is injective for each p ∈ N
(s). It is clear
that UJ,<(s|p) ⊂ AJ([s|p])c and AJ(B)c ⊂ AJ([s|p])c. It follows that the multi-
plication mp : UJ,<(s|p) ⊗ AJ(B)c → U+

J is injective. Suppose that two elements
(a1, b1) and (a1, b2) of UJ,<(s) × AJ(B)c satisfy a1b1 = a2b2. We may assume
that both a1 and a2 belong to UJ,<(s|p) for some p ∈ N
(s). Then the injectivity
of mp implies that a1 = a2 and b1 = b2. Therefore the multiplication mapping
UJ,<(B) ⊗AJ(B)c → U+

J is injective. The proof of the remains are quite similar.
(2) Set J = J1 � J2. Then we see that B1 is a real biconvex subset in ΔJ+.

From (5.23)(i) in Proposition 5.10, it follows that both UJ2,<(B2) and UJ2,>(B2)
are subspaces of AJ(B)c. Thus (5.53) follows from (5.51).

Proposition 5.20. (1) Suppose that B is a real biconvex set in ΔJ+ and set Bc :=
B ∩ ΔJc

for each c = 1, . . . , C(J). Then the multiplication define the following
isomorphisms of Q(q)-vector spaces:

⊗C(J)
c=1 UJc,<(Bc)

∼−→UJ,<(B), ⊗C(J)
c=1 UJc,>(Bc)

∼−→UJ,>(B). (5.54)

(2) Let C be a real biconvex set in ΔJ+, and y an element of WJ(C). Set
D := y−1{C \ ΦJ(y)}. Then the multiplication defines the following isomorphisms
of Q(q)-vector spaces:

UJ,<(y)⊗ JTyUJ,<(D) ∼−→UJ,<(C), (5.55)

JTyUJ,>(D)⊗ UJ,>(y) ∼−→UJ,>(C), (5.56)

where UJ,<(y) := UJ,<(ΦJ(y)) and UJ,>(y) := UJ,>(ΦJ(y)). In particular, we have
UJ,<(y) ⊂ UJ,<(C) and UJ,>(y) ⊂ UJ,>(C). Moreover, we have:

UJ,<(y) = UJ,<(C) ∩AJ(y), (5.57)

JTyUJ,<(D) = UJ,<(C) ∩AJ(y)c, (5.58)
UJ,>(y) = UJ,>(C) ∩AJ(y), (5.59)

JTyUJ,>(D) = UJ,>(C) ∩AJ(y)c. (5.60)

(3) For each B ∈ B∗
J, we have UJ,<(B) ∪ UJ,>(B) ⊂ AJ(B).

(4) The action of B�WJ
on UJ is faithful.

Proof. (1) For each c = 1, . . . , C(J), we set s−1(SJc
) := { p ∈ N
(s) | s(p) ∈ SJc

} and
nc := 	s−1(SJc

), and denote by ιc the unique strictly increasing function from Nnc

to N
(s) such that Im ιc = s−1(SJc
). Then, for each c = 1, . . . , C(J), we define a

sequence sc = (sc(p))p∈Nnc
∈ S

Nnc
Jc

by setting sc(p) := s(ιc(p)) for each p ∈ Nnc . We
see that sc is an element of Wnc

Jc
such that Φ∗

Jc
([sc]) = Bc. By Proposition 5.19(2),
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we see that the multiplication defines the following injective Q(q)-linear mappings:

⊗C(J)
c=1 UJc,<(Bc) ↪→ U+, ⊗C(J)

c=1 UJc,>(Bc) ↪→ U+. (5.61)

Moreover, by Lemma 5.4(4) and Proposition 5.10(2), we see that∏C(J)
c=1 Esc,< = Es,<,

∏C(J)
c=1 Esc,> = Es,>. (5.62)

Therefore we get the (5.54).
(2) By definition, we see that for each s ∈ W∗

J and m ∈ N
(s) the multiplication
defines the following isomorphisms of Q(q)-vector spaces:

UJ,<(s|m)⊗ T[s|m]UJ,<(s|m) ∼−→UJ,<(s), a⊗ b �→ ab, (5.63)

T[s|m]UJ,>(s|m)⊗ UJ,>(s|m) ∼−→UJ,>(s), a⊗ b �→ ab, (5.64)

where s|m is the initial m-section of s and s|m is the m-shift of s.
We prove (5.55) and (5.56) in the case where B = ΦJ(z) ∈ BJ with z ∈ WJ.

Since ΦJ(y) ⊂ ΦJ(z), we have ΦJ(z) = ΦJ(y)�yΦJ(y−1z), and hence D = ΦJ(y−1z).
Thus we see that there exists an element s ∈ Wn

J such that [s] = z, [s|m] = y, and
[s|m] = y−1z with n = �(z) and m = �(y). Hence, (5.63) and (5.64) imply (5.55)
and (5.56).

We prove (5.55) and (5.56) in the case where B ∈ B∞. By Lemma 2.5 in [8], we
see that D ∈ B∞

J and B = ΦJ(y)� yD. Thus there exist an element s ∈ W∞
J such

that Φ∗
J([s]) = B, [s|m] = y, and Φ∞

J ([s|m]) = D with m = �(y). Hence, (5.63) and
(5.64) imply (5.55) and (5.56).

It is easy to see that

UJ,<(y) ∪ UJ,>(y) ⊂ AJ(y), JTyUJ,<(D) ∪ JTyUJ,>(D) ⊂ AJ(y)c,

and hence (5.57)–(5.60) follow from (5.55) and (5.56).
(3) It is easy to see that

Es,< = ∪p∈NEs|p, <, Es,> = ∪p∈NEs|p, >

with Es|p,< ⊂ Es|p+1,< and Es|p,> ⊂ Es|p+1,>, which implies that

UJ,<(B) = ∪p∈NUJ,<([s|p]), UJ,>(B) = ∪p∈NUJ,>([s|p]), (5.65)

Thus we get UJ,<(B)∪UJ,>(B) ⊂ AJ(B), since UJ,<([s|p])∪UJ,>([s|p]) ⊂ AJ([s|p])
and [s|p] ∈ WJ(B) for all p ∈ N.

(4) Suppose that JTy|UJ = id for y ∈ WJ. Then AJ(y) = Q(q). Since UJ,<(y) ⊂
AJ(y), it follows that UJ,<(y) = Q(q). Thus we get y = 1 by Proposition 5.19(1).

Definition 5.21. For each w ∈ ◦
W J, we set

UJ,<(w,−) := UJ,<(ΔJ(w,−)), UJ,>(w,−) := UJ,>(ΔJ(w,−)), (5.66)
UJ,>(w, +) := ΨUJ,<(ΔJ(w,+)), UJ,<(w,+) := ΨUJ,>(ΔJ(w, +)). (5.67)

Note that

UJ,>(w,+) = ΨUJ,<(ww◦,−), UJ,<(w,+) = ΨUJ,>(ww◦,−) (5.68)

with w◦ the longest element of
◦

W J. In the case where J =
◦
I, we will denote the

symbols above more simply by removing J from them.
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Proposition 5.22. For each w ∈ ◦
W J and y ∈ WJ(ΔJ(w,−)), the multiplication

defines the following isomorphisms of Q(q)-vector spaces:

UJ,<(y)⊗ JTyUJ,<(y−1w,−)
∼−→UJ,<(w,−), (5.69)

JTyUJ,>(y−1w,−)⊗ UJ,>(y) ∼−→UJ,>(w,−). (5.70)

Moreover, the following equalities hold :

UJ,<(y) = UJ,<(w,−) ∩AJ(y), (5.71)

JTyUJ,<(y−1w,−) = UJ,<(w,−) ∩AJ(y)c, (5.72)
UJ,>(y) = UJ,>(w,−) ∩AJ(y), (5.73)

JTyUJ,>(y−1w,−) = UJ,>(w,−) ∩AJ(y)c. (5.74)

Proof. Since ΦJ(y) ⊂ ΔJ(w,−), we have

ΦJ(y)� yΔJ(y−1w,−) = ΔJ(w,−). (5.75)

Thus the assertions follow from Proposition 5.20(2).

Lemma 5.23. Let w be an arbitrary element of ∈ ◦
W J.

(1) For each y ∈ WJ(ΔJ(w,−)), we have

JT
−1
y UJ,>(w,+) ⊂ UJ,>(y−1w, +), JT

−1
y UJ,<(w,+) ⊂ UJ,<(y−1w, +).

In particular, we have UJ,>(w,+) ∪ UJ,<(w,+) ⊂ AJ(w,−)c.
(2) For each y ∈ WJ(ΔJ(w,+)), we have

JTy−1UJ,<(w,−) ⊂ UJ,<(y−1w,−), JTy−1UJ,>(w,−) ⊂ UJ,>(y−1w,−).

In particular, we have UJ,<(w,−) ∪ UJ,>(w,−) ⊂ AJ(w,+)c.
(3) The following (i) and (ii) hold :

(i) u ∈ ΨTw◦UJ,<(1,−)⇒ Tw(u) ∈ UJ,>(w,+),

(ii) u ∈ ΨTw◦UJ,>(1,−)⇒ Tw(u) ∈ UJ,<(w,+).

(4) The following inclusions hold :

UJ,<(w,−) ∪ UJ,>(w,−) ⊂ AJ(w,−), UJ,<(w,+) ∪ UJ,>(w,+) ⊂ AJ(w,+).

Proof. (1) By (5.75), we have ΦJ(y−1) ⊂ ΔJ(y−1ww◦,−). By Proposition 5.22, we
have JTy−1UJ,<(ww◦,−) ⊂ UJ,<(y−1ww◦,−). Thus, by (5.68), we get

JT
−1
y UJ,>(w,+) = ΨJTy−1UJ,<(ww◦,−) ⊂ UJ,>(y−1w, +).

(2) Since ΦJ(y) ⊂ ΔJ(ww◦,−) we have ΦJ(y−1) ⊂ ΔJ(y−1w,−). Thus, by Propo-
sition 5.20, we get JTy−1UJ,<(w,−) ⊂ UJ,<(y−1w,−).

(3) By (5.68) and (5.69), we see that the multiplication mapping

ΨUJ,<(ww◦)⊗ ΨTww◦UJ,<(1,−)→ UJ,>(1, +)

is an isomorphism of Q(q)-vector spaces. On the other hand, we see that Tw◦ =
Tw−1Tww◦ and TwΨ = ΨT−1

w−1 , and hence

Tw(u) ∈ TwΨTw◦UJ,<(1,−) = ΨTww◦UJ,<(1,−) ⊂ UJ,>(w,+).

The proof of (ii) is similar.
(4) The left inclusion follows from Proposition 5.20(3) and (5.66) and the left

part of (5.37). The right inclusion follows from Proposition 5.20(3) and (5.67) and
the left part of (5.38).
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6. Imaginary root vectors of U+
J

In this section, we introduce imaginary root vectors of U+
J , where J is an arbi-

trary non-empty subset of
◦
I.

Definition 6.1. For each (i, m) ∈ ◦
I× Z, we set

x−
i,m := T m

εi
T−1

i (Ei), x+
i,m := T−m

εi
(Ei). (6.1)

Lemma 6.2. (1) Suppose that n ∈ N and m ∈ Z+. Then

Tw(x−
i,n) ∈ U<(w,−)nδ−w(αi), (6.2)

Tw(x+
i,m) ∈ U<(w,+)mδ+w(αi) (6.3)

for each i ∈ ◦
I and w ∈ ◦

W . Moreover,

Tw(x−
i,n) ∈ A1U

+ \ (q − 1)A1U
+, (6.4)

Tw(x+
i,m) ∈ A1U

+ \ (q − 1)A1U
+. (6.5)

(2) For each (j,m) ∈ J× Z, we have

x−
j,m = (JTεj )

mT−1
j (Ej), (6.6)

x+
j,m = (JTεj )

−m(Ej). (6.7)

Therefore, both x−
j,m and x+

j,m are elements of UJ. Moreover, we have x−
j,m ∈

AJ(1,−) if m > 0, and x+
j,m ∈ AJ(1, +) if m ≥ 0.

(3) Let (j,m) be an arbitrary element of J× Z+, and s an arbitrary element of
WJ such that mδ + αj ∈ ΦJ([s]) ⊂ ΔJ(1, +). Then we have ΨEmδ+αj ,s = x+

j,m.

Proof. (1) By Definition 5.2, Definition 5.21(5.66), and Definition 6.1, we see that

x−
i,1 = Eδ−αi ∈ U<(1,−)δ−αi

,

and hence

Tw(x−
i,n) = TwT n−1

εi
(Eδ−αi) ∈ U<(w,−)nδ−w(αi)

by (5.69). Let w◦ be the longest element of
◦

W . Then, by (5.68)(5.70), we see that
the multiplication mapping

ΨU>(w◦)⊗ ΨTw◦U>(1,−)→ U<(1, +)

is an isomorphism of Q(q)-vector spaces, and hence

U<(1, +)mδ+αi
⊂ ΨTw◦U>(1,−). (6.8)

On the other hand, by Lemma 5.23(1), we have

x+
i,m = T−m

εi
(Ei) ∈ U<(1, +)mδ+αi

since Ei ∈ U<(1, +). Combining with (6.8), we have

x+
i,m ∈ U<(1, +)mδ+αi

⊂ ΨTw◦U>(1,−).

Thus, it follows from Lemma 5.23(3)(ii) that

Tw(x+
i,m) ∈ U<(w, +)mδ+w(αi).

It is easy to see that the set A1U
′ \ (q− 1)A1U

′ is stable under the action of B�W
on U , which implies

Tw(x−
i,n), Tw(x+

i,m) ∈ A1U
′ \ (q − 1)A1U

′.
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Moreover, by (6.2)(6.3), we see that Tw(x−
i,n) and Tw(x+

i,m) are elements of U+.
Thus we get (6.4)(6.5).

(2) Since both Ej and T−1
j (Ej) are elements of UJ, the (6.6) and (6.7) follow

immediately from (6.1) and Proposition 5.15. Since JTεj is an automorphism of
UJ, by (6.6) and (6.7) we see that x±

j,m ∈ UJ. In the case where m > 0, by (1) we
have x−

j,m ∈ UJ ∩ U+ = U+
J . In addition, by (6.6) we have

(JTεj )
−m(x−

j,m) = −K−1
j Fj ∈ U≤0

J ,

and hence x−
j,m ∈ AJ(1,−). The proof of remains is similar.

(3) Firstly, we claim that if (s1, s2) is a pair of elements ofWJ such that mδ+αj ∈
ΦJ([si]) ⊂ ΔJ(1, +) for i = 1, 2 then Emδ+αj ,s1 = Emδ+αj ,s2 . We may assume that
[s1] = [s2], and put x = [s1] = [s2]. Since γ ∈ ΔJ(1, +) for each γ ∈ ΦJ(x), there

exists d(γ) ∈ Z+ such that γ = d(γ)δ + γ with γ ∈ ◦
ΔJ+. Now suppose that

mδ + αj =
∑

γ∈ΦJ(x) c(γ)γ with c(γ) ∈ Z+ for all γ ∈ ΦJ(x). Then mδ + αj =
(
∑

γ∈ΦJ(x) c(γ)d(γ))δ +
∑

γ∈ΦJ(x) c(γ)γ, which implies that c(mδ + αj) = 1 and
c(γ) = 0 for all γ 	= mδ + αj . Thanks to Theorem 5.12 and (5.48), we can apply
Lemma 4.5(3) to this case. Thus we get Emδ+αj ,s1 = Emδ+αj ,s2 .

Now let us prove the equality ΨEmδ+αj ,s = x+
j,m for any s ∈ WJ such that

mδ + αj ∈ ΦJ([s]) ⊂ ΔJ(1, +). Put l = �J(t−mεj ) and denote t−mεj by s1s2 · · · slρ
with s1, s2, . . . , sl ∈ SJ and ρ ∈ ΩJ. Let Esl+1 = JTρ(Ej) with sl+1 ∈ SJ, and
define s′ = (s′(p))p∈Nl+1 ∈ Sl+1

J by setting s′(p) := sp for each p ∈ Nl+1. Then
we see that the sequence s′ is an element of WJ satisfying ΦJ([s′]) ⊂ ΔJ(1, +) and
φs′(l + 1) = mδ + αj . Thus it follows from (6.7) and the claim above that

x+
j,m = ΨJT−mεj (Ej) = ΨJTs1 · JTs2 · · · · · JTsl

(Esl+1)
= ΨEmδ+αj ,s′ = ΨEmδ+αj ,s.

Definition 6.3. For each (i, n) ∈ ◦
I× N, we set

ϕi,n := [x−
i,n , Ei]q = x−

i,nEi − q−2
i Eix

−
i,n, (6.9)

and also define ϕi(z) ∈ U+[[z]] by setting

ϕi(z) := (qi − q−1
i )
∑
n≥1

ϕi,nzn. (6.10)

In addition, we define Ii,n ∈ U+
nδ by the following equality in U+[[z]]:

Ii(z) = log(1 + ϕi(z)) ≡
∑
n≥1

(−1)n−1

n ϕi(z)n, (6.11)

where

Ii(z) := (qi − q−1
i )
∑
n≥1

Ii,nzn. (6.12)
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Proposition 6.4 ([13]). For each (i, n) ∈ ◦
I× N, the following equalities hold :

Ii,n =
∑

p1,p2,...,pn≥0;
�

k kpk=n

(
∑

k pk − 1)!
p1!p2! · · · pn!

(q−1
i − qi)

�
k pk−1ϕp1

i,1ϕ
p2
i,2 · · ·ϕpn

i,n,

ϕi,n =
∑

p1,p2,...,pn≥0;
�

k kpk=n

(qi − q−1
i )
�

k pk−1

p1!p2! · · · pn!
Ip1
i,1I

p2
i,2 · · · Ipn

i,n.

Proposition 6.5 ([1]). Let i and j be arbitrary elements of
◦
I.

(1) For each n ∈ N and m ∈ Z, the following equalities hold :

ϕi,n = [x−
i,m , x+

i,n−m]q, (6.13)

Tεi(ϕj,n) = ϕj,n, Tεi(Ij,n) = Ij,n, (6.14)

[x−
j,m , Ii,n] = (sgn(Aij))n [nAij ]qi

n
x−

j,m+n, (6.15)

[Ii,n , x+
j,m] = (sgn(Aij))n [nAij ]qi

n
x+

j,m+n. (6.16)

(2) For each m, n ∈ N, the following equality holds:

[ϕi,m , ϕj,n] = [Ii,m , Ij,n] = 0. (6.17)

Lemma 6.6. (1) For each w ∈ ◦
W and (i, n) ∈ ◦

I × N, both Tw(ϕi,n) and Tw(Ii,n)
are elements of A1U

+
nδ \ (q − 1)A1U

+. Moreover, both Tw(ϕi,n) and Tw(Ii,n) are
non-zero elements of 1U

+
nδ.

(2) For each w ∈ ◦
W , the elements of {Tw(Ii,n) | (i, n) ∈ ◦

I × N } are linearly
independent over Q.

(3) Suppose that j ∈ J ⊂ ◦
I. Then both Tw(ϕj,n) and Tw(Ij,n) are elements of

U+
J for each w ∈ ◦

W J and n ∈ N.

Proof. (1) Suppose that w(αi) > 0. Then we have Tw(Ei) ∈ A1U
+
w(αi)

. Hence, by
Lemma 6.2(1), we have Tw(x−

i,n) ∈ A1U
+
nδ−w(αi)

, and hence

Tw(ϕi,n) = [Tw(x−
i,n) , Tw(Ei)]q ∈ A1U

+.

Suppose that w(αi) < 0. Then we see that w = w′si and �(w) = �(w′)+1 for some

w′ ∈ ◦
W , and hence Tw = Tw′Ti and Tw′(Ei) ∈ A1U

+. Thus we have

Tw(x−
i,0) = Tw′Ti(T−1

i (Ei)) = Tw′(Ei) ∈ A1U
+.

Combining with Lemma 6.2(1)(6.5), we get

Tw(ϕi,1) = Tw([x−
i,0 , x+

i,1]q) = [Tw′(Ei) , Tw(x+
i,1)]q ∈ A1U

+.

In the case that m ≥ 2, by Lemma 6.2(1)(6.4)(6.5), we have

Tw(ϕi,n) = Tw([x−
i,n−1 , x+

i,1]q) = [Tw(x−
i,n−1) , Tw(x+

i,1)]q ∈ A1U
+.

Therefore we see that Tw(ϕi,n) ∈ A1U
+ for each w ∈ ◦

W and (i, n) ∈ ◦
I × N. By

Proposition 6.4, we see that

Tw(Ii,n) = Tw(ϕi,n)

+
∑

�n−1
k=1 kpk=n

(
�

k pk−1)!

p1!p2!···pn−1!
(q−1

i − qi)
�

k pk−1Tw(ϕp1
i,1ϕ

p2
i,2 · · ·ϕpn−1

i,n−1),
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and hence Tw(Ii,n) ∈ A1U
+. Moreover, by (6.18) in Proposition 6.5 and (6.5) in

Lemma 6.2(1), we have

Tw(Ii,n) ∈ A1U
+ \ (q − 1)A1U

+,

and hence Tw(ϕi,n) ∈ A1U
+ \ (q − 1)A1U

+ by (6.14).
(2) We may assume that w = 1. Hence, it suffices to show the linear independence

over Q of the elements of {Ii,n | i ∈
◦
I} for each n ∈ N. By (6.17) in Proposition 6.5,

we see that

[Eδ−αj , Ii,n] = (sgn(Aij))mAijx
+
j,n+1 (6.18)

for all j ∈ ◦
I. Now suppose that

∑l
i=1νiIi,n = 0 with νi ∈ Q. Then (6.20) implies

that
∑l

i=1νi(sgn(Aij))nAij =0 for all j ∈ ◦
I. Thus we have

[ν1, . . . , νl][(sgn(Aij))nAij ]
i,j∈◦

I
= [0, . . . , 0].

Since the matrix [(sgn(Aij))nAij ]
i,j∈◦

I
is invertible, we get [ν1, . . . , νl] = [0, . . . , 0].

Therefore the assertion is valid.
(3) By Lemma 6.2(2), we have x−

j,n ∈ U+
J , and hence

ϕj,n = [x−
j,n , Ej ]q ∈ U+

J .

By (6.13) in Proposition 6.4, we have Ij,n ∈ U+
J . Since UJ is stable under the action

of Tw, both Tw(ϕj,n) and Tw(Ij,n) are elements of UJ. Thus we get the assertion
in (3) by combining with the first assertion in (1).

Definition 6.7. For each w ∈ ◦
W J, we define a Q(q)-subalgebra UJ(w, 0) of U+

J by
setting

UJ(w, 0) := 〈Tw(Ij,n) | (j, n) ∈ J× N 〉Q(q)-alg. (6.19)

Note that Lemma 6.6(3) implies UJ(w, 0) ⊂ U+
J . Let � be an arbitrary total order

on the set J× N. For each finitely supported function c : J× N→ Z+, we set

Ic
≺ := Ic(η1)

η1
Ic(η2)
η2

· · · Ic(ηm)
ηm

, Ic
� := Ic(ηm)

ηm
· · · Ic(η2)

η2
Ic(η1)
η1

, (6.20)

where supp(c) = {η1, η2, . . . , ηm} with η1 ≺ η2 ≺ · · · ≺ ηm. Here we set Ic
≺ = Ic

� :=
1 in the case where supp(c) = ∅. Let us denote by I≺ (resp. I�) the set of all Ic≺
(resp. Ic

�).

Proposition 6.8. Let w be an arbitrary element of
◦

W J, and � an arbitrary total
order on J × N. Then UJ(w, 0) is a commutative Q(q)-subalgebra of U+

J , and the
sets Tw(I≺) and Tw(I�), respectively, are bases of UJ(w, 0).

Proof. We may assume that w = 1. By Proposition 6.5(2), we see that UJ(1, 0) is a
commutative Q(q)-subalgebra of U+

J , and hence I≺ spans UJ(1, 0). Thus it suffices
to show the linear independence over Q(q) of the set I≺. Let us denote by I≺ the
image of I≺ by the specialization at q = 1. By Proposition 4.2, Lemma 6.6(2), and
the PBW Theorem of Lie algebras over Q, we see that I≺ is a linearly independent
set over Q. It follows from Lemma 4.3 that I≺ is a linearly independent set over
Q(q). The proof of the assertion for Tw(I�) is quite similar.



NEWLY DESCRIBED CONVEX BASES 41

Lemma 6.9. (1) For each t ∈ TJ, there exists an element t′ ∈ TJ ∩WJ(ΔJ(1,−))
such that tt′ ∈ TJ ∩WJ(ΔJ(1,−)).

(2) Let w be an element of
◦

W J, and y an element of WJ(ΔJ(w,−)). Set w′ =
y−1w. Then there exist elements t, t′ ∈ TJ∩WJ(ΔJ(1,−)) such that wt = yw′t′ and
�J(wt) = �(w) + �J(t) = �J(y) + �(w′) + �J(t′).

Proof. The part (1) is Clear. We prove the part (2). Since ΦJ(y) ⊂ ΔJ(w,−) we
have

Φ(w) � wΔJ(1,−) = ΔJ(w,−) = ΦJ(y) � y{Φ(w′)� w′ΔJ(1,−)}.
Hence we see that �J(wz) = �(w) + �J(z) and �J(yw′z′) = �J(y) + �(w′) + �J(z′) for

all z, z′ ∈ WJ(ΔJ(1,−)). Since yw′ = yw′ = w, we have yw′ = wtμ with μ ∈
◦
Q∨

J .
By (1), there exists an element tν ∈ TJ ∩ WJ(ΔJ(1,−)) such that tμtν ∈ TJ ∩
WJ(ΔJ(1,−)). Set t = tμtν and t′ = tν . Then wt = yw′t′. Since t, t′ ∈ WJ(ΔJ(1,−))
we have

�(w) + �J(t) = �J(wt) = �J(yw′t′) = �J(y) + �(w′) + �J(t′).

Proposition 6.10. (1) For each t ∈ TJ and u ∈ UJ(1, 0), we have JTt(u) = u.

(2) For each w ∈ ◦
W J and y ∈WJ(ΔJ(w,−)), we have JT

−1
y UJ(w, 0) = UJ(y−1w, 0).

In particular, UJ(w, 0) ⊂ AJ(w,−)c.
(3) For each w ∈ ◦

W J and y ∈WJ(ΔJ(w,+)), we have JTy−1UJ(w, 0) = UJ(y−1w, 0).
In particular, UJ(w, 0) ⊂ AJ(w,+)c.

(4) For each w ∈ ◦
W J, we have UJ(w, 0) ⊂ AJ(w, 0).

Proof. (1) This follows from Proposition 5.15, (6.16), and Proposition 6.8.
(2) Set w′ = y−1w. By Lemma 6.9(2), we have

Tw · JTt = JTy · Tw′ · JTt′

for some t, t′ ∈ TJ ∩WJ(ΔJ(1,−)). By (1), for each u ∈ UJ(1, 0), we have JTt(u) =
JTt′(u) = u, and hence

JT
−1
y Tw(u) = Tw′(u) ∈ UJ(y−1w, 0).

Thus the assertion is valid.
(3) Since ΦJ(y) ⊂ ΔJ(ww◦,−), we have

ΦJ(y) � yΔJ(y−1ww◦,−) = ΔJ(ww◦,−),

and hence ΦJ(y−1) ⊂ ΔJ(y−1w,−). By (2), we get UJ(y−1w, 0) = JTy−1UJ(w, 0).
(4) This follows from (5.43), (2), and (3).

7. Decompositions of U+
J into tensor products of subalgebras

In this section, we give several decompositions of U+
J into tensor products of

subalgebras, where J is an arbitrary non-empty subset of
◦
I.

Proposition 7.1. (1) For each w ∈ ◦
W J, the multiplication defines the following

isomorphisms of Q(q)-vector spaces:

UJ,<(w,−)⊗ UJ(w, 0)⊗ UJ,>(w,+)
∼−→U+

J , (7.1)

UJ,<(w,+)⊗ UJ(w, 0)⊗ UJ,>(w,−)
∼−→U+

J . (7.2)
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Moreover, the following equality holds:

UJ(w, 0) = AJ(w, 0). (7.3)

(2) The multiplication defines the following isomorphism of Q(q)-algebras:

⊗C(J)
c=1 UJc

∼−→UJ. (7.4)

(3) The part (1) of Proposition 5.7 is still valid in the case where J is an arbitrary

non-empty subset of
◦
I.

Proof. We prove the parts (1) and (2). Let s and s′ be elements of W∞
J such that

Φ∞
J ([s]) = ΔJ(w,−) and Φ∞

J ([s′]) = ΔJ(w, +). By Proposition 5.20(1), we see that
Es,< and ΨEs′,< are bases of UJ,<(w,−) and UJ,>(w,+) respectively. Let � be a
total order on J× N. By Proposition 6.8, we see that Tw(I≺) is a basis of U (w, 0).
By Proposition 5.19(1), (5.43), the right part of (5.38), and the left part of (5.67),
we see that the multiplication define the following injective Q(q)-linear mapping:

UJ,<(w,−)⊗AJ(w, 0)⊗ {AJ(w,−)
c ∩ UJ,>(w,+)} ↪→ U+

J . (7.5)

By Proposition 6.10(3), we have UJ(w, 0) ⊂ AJ(w, 0). By Lemma 5.23(1), we have
UJ,>(w, +) ⊂ AJ(w,−)c. Thus we see that the multiplication define the following
injective Q(q)-linear mapping:

m1 : UJ,<(w,−)⊗ UJ(w, 0)⊗ UJ,>(w, +) ↪→ U+
J . (7.6)

Hence the elements of the subset Es,<Tw(I≺)Ψ(Es′,<) of U+
J are linearly inde-

pendent. In the case where J is connected, by (5.13)(5.14), we see that the set
Es,<Tw(I≺)Ψ(Es′,<) is a basis of U+

J , and hence the mapping (7.6) is bijective. To

consider the general case, we denote w uniquely by w =
∏C(J)

c=1 wc with wc ∈
◦

W Jc
.

Then the multiplication defines the following isomorphism of Q(q)-vector spaces:

UJc,<(wc,−)⊗ UJc
(wc, 0)⊗ UJc,>(wc, +)

∼−→U+
Jc

. (7.7)

for each c = 1, . . . , C(J). By Proposition 5.20(1) and Proposition 6.8, we see that
the multiplication defines the following isomorphisms of Q(q)-vector spaces:

⊗C(J)
c=1 UJc,<(wc,−)

∼−→UJ,<(w,−), (7.8)

⊗C(J)
c=1 UJc(wc, 0)

∼−→UJ(w, 0), (7.9)

⊗C(J)
c=1 UJc,>(wc, +)

∼−→UJ,>(w,+). (7.10)

Therefore we have the following diagram:

UJ,<(w,−)⊗ UJ(w, 0)⊗ UJ,>(w,+)
m1
↪→ U+

J

ϕ ↑ ↑ m+
2

⊗C(J)
c=1 (UJc,<(wc,−)⊗ UJc

(wc, 0)⊗ UJc,>(wc, +)) ∼−→ ⊗C(J)
c=1 U+

Jc
.

Here, m+
2 is defined by the multiplication and ϕ is defined by setting

ϕ(⊗C(J)
c=1 uc(−)⊗ uc(0)⊗ uc(+)) := (

C(J)∏
c=1

uc(−))⊗ (
C(J)∏
c=1

uc(0))⊗ (
C(J)∏
c=1

uc(+)),

where uc(−) ∈ UJc,<(wc,−), uc(0) ∈ UJc
(wc, 0), and uc(+) ∈ UJc,>(wc, +). By Lemma

5.4(4), we see that the diagram above is commutative. By (7.8)–(7.10), we see
that ϕ is an isomorphisms of Q(q)-vector spaces, which implies the injectivity of
m+

2 . By Proposition 5.5, we have the surjectivity of m+
2 . Thus both of m+

2 and
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m1 are isomorphisms of Q(q)-vector spaces. Moreover it is easy to see that the
multiplication defines the following isomorphisms of Q(q)-vector spaces:

m−
2 : ⊗C(J)

c=1 U−
Jc

∼−→U−
J , m0

2 : ⊗C(J)
c=1 U0

Jc

∼−→U0
J . (7.11)

Thus, by Proposition 5.7(2), we see that the multiplication defines the following
isomorphism of Q(q)-vector spaces:

m2 : ⊗C(J)
c=1 UJc

∼−→UJ. (7.12)

It is easy to see that m2 is compatible with the standard Q(q)-algebra structure
of the tensor product ⊗C(J)

c=1 UJc
. The equality (7.3) follows from Lemma 6.10(4),

(7.1), (5.43), and Lemma 5.23(4).
We prove the part (3). The characterization of UJ in terms of the generators and

the defining relations follows from the part (2) and the first assertion of Proposition
5.7(1). The equalities (5.13) and (5.14) follow from the part (1) and Proposition
6.8.

Proposition 7.2. (1) For each y ∈ WJ, the multiplication defines the following
isomorphisms of Q(q)-vector spaces:

AJ(y)⊗AJ(y)c ∼−→U+
J , (7.13)

AJ(y)c ⊗AJ(y) ∼−→U+
J . (7.14)

(2) Let B be an arbitrary real biconvex set in ΔJ+. Then the equality holds:

UJ,<(B) = AJ(B) = UJ,>(B). (7.15)

Moreover, AJ(B) is a Q(q)-subalgebra of U+
J .

Proof. We prove (7.13). We may assume that ΦJ(y) ⊂ ΔJ(w,−) for some w ∈ ◦
W J.

Then there exits an element s ∈ W∞
J such that Φ∞

J ([s]) = ΔJ(w,−) and [s|p] = y
with p = �(y). Let s′ be an element of W∗

J such that ΦJ([s′]) = ΔJ(w,+), and �
a total order on J × N. Then the product set Es,<Tw(I≺)Ψ(Es′,<) is a basis of
U+

J . From Lemma 5.17, it follows that the multiplication AJ(y)⊗AJ(y)c → U+
J is

injective. Moreover, we see that

Es|p,< ⊂ AJ(y), Es|p,<Tw(I≺)ΨEs′,< ⊂ AJ(y)c, Es|p,<JTy(Es|p,<) = Es,<.

Therefore we see that the multiplication AJ(y) ⊗ AJ(y)c → U+
J is bijective and

that the sets Es|p,< and JTy(Es|p,<)Tw(I≺)Ψ(Es′,<) are bases of AJ(y) and AJ(y)c,
respectively. Since Es|p,< is also a basis of UJ,<(y), we get UJ,<(y) = AJ(y).
Similarly, we can prove (7.15) and the equality UJ,>(y) = AJ(y). Hence (7.14) is
proved in the case where B = ΦJ(y) with y ∈WJ.

We prove (7.15) in the case where B ∈ B∞
J . Suppose that Φ∞

J ([s]) = B with
s ∈ W∞

J . Then UJ,<([s|p]) = AJ([s|p]) = UJ,>([s|p]) for all p ∈ N. Since UJ,<(B) =
∪p∈NUJ,<([s|p]) and UJ,>(B) = ∪p∈NUJ,>([s|p]), we have UJ,<(B) = UJ,>(B) =
∪p∈NAJ([s|p]). It follows that UJ,<(B) = UJ,>(B) ⊂ AJ(B), since AJ([s|p]) ⊂
AJ(B) for all p ∈ N. Let y be an arbitrary element of WJ(B). Then we have
AJ(y) = UJ,<(y) ⊂ UJ,<(B). Thus we get AJ(B) ⊂ UJ,<(B) = UJ,>(B). Therefore
(7.15) is valid.

We prove the second assertion of the part (2). Suppose that u1 and u2 are
elements of AJ(B). By (5.36), we may assume that ui ∈ AJ(yi) with yi ∈ WJ(B)
for i = 1, 2. By Lemma 3.7(1), there exists an elements y3 ∈ WJ(B) such that
ΦJ(y1)∪ΦJ(y2) ⊂ ΦJ(y3). By Proposition 5.20(2) and the equality UJ,<(y) = A(y)
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for y ∈ W , we see that AJ(y3) is a Q(q)-subalgebra of U+
J such that AJ(y1) ∪

AJ(y2) ⊂ AJ(y3), and hence u1 + u2, u1u2 ∈ AJ(y3) ⊂ AJ(B). Therefore AJ(B) is
a Q(q)-subalgebra of U+

J .

Proposition 7.3. For each w ∈ ◦
W J, the multiplication defines the following iso-

morphisms of vector spaces:

AJ(w,−)⊗AJ(w, 0)⊗AJ(w,+)
∼−→U+

J

∼←−AJ(w, +)⊗AJ(w, 0)⊗AJ(w,−), (7.16)

AJ(w, 0)⊗AJ(w,+)
∼−→AJ(w,−)

c ∼←−AJ(w,+)⊗AJ(w, 0), (7.17)

AJ(w,−)⊗AJ(w, 0)
∼−→AJ(w,+)

c ∼←−AJ(w, 0)⊗AJ(w,−), (7.18)

AJ(w,−)⊗AJ(w,−)
c ∼−→U+

J

∼←−AJ(w,−)
c ⊗AJ(w,−). (7.19)

Proof. The isomorphism (7.16) follows from (7.1), (7.3), and (7.15). The isomor-
phism (7.17) follows from (7.16), Lemma 5.23(1), and Proposition 6.10(2). The
isomorphism (7.18) follows from (7.16), Lemma 5.23(2), and Proposition 6.10(3).
The isomorphism (7.19) follows from (7.16)–(7.18).

Proposition 7.4. Let B be an arbitrary real biconvex set in ΔJ+.
(1) Suppose that B1 is a real biconvex set in ΔJ+ such that B ⊂ B1. Then the

multiplication defines the following isomorphisms of Q(q)-vector spaces:

AJ(B)⊗ {AJ(B)c ∩AJ(B1)} ∼−→AJ(B1), (7.20)

{AJ(B)c ∩AJ(B1)} ⊗AJ(B) ∼−→AJ(B1), (7.21)

{AJ(B)c ∩AJ(B1)} ⊗AJ(B1)c ∼−→AJ(B)c, (7.22)

AJ(B1)c ⊗ {AJ(B)c ∩AJ(B1)} ∼−→AJ(B)c. (7.23)

(2) The multiplication defines the following isomorphisms of Q(q)-vector spaces:

AJ(B)⊗AJ(B)c ∼−→U+
J , (7.24)

AJ(B)c ⊗AJ(B) ∼−→U+
J . (7.25)

Proof. We prove (7.20). By Proposition 5.19(1) and (7.15), we see that the multi-
plication defines the following injective Q(q)-linear mapping:

m1 : AJ(B)⊗AJ(B)c ↪→ U+
J . (7.26)

Since AJ(B) ⊂ AJ(B1), we see that the multiplication defines the following injective
Q(q)-linear mapping:

AJ(B)⊗ {AJ(B)c ∩AJ(B1)} ↪→ AJ(B1). (7.27)

Hence it suffices to show the surjectivity of (7.27). Suppose that B ∈ BJ and
B = ΦJ(y) with y ∈ WJ. By Proposition 5.18(2) and (7.15), we see that

AJ(B)⊗ JTyAJ(B′) ∼−→AJ(B1), (7.28)

where B′ = y−1{B1\B}. It is clear that JTyAJ(B′) ⊂ AJ(B)c∩AJ(B1). By (7.28),
we see that the mapping (7.27) is surjective and JTyAJ(B′) = AJ(B)c ∩AJ(B1) in
this case. Therefore we see that if y ∈ WJ(B1) then the multiplication defines the
following isomorphism of Q(q)-vector spaces:

AJ(y)⊗ {AJ(y)c ∩AJ(B1)} ∼−→AJ(B1). (7.29)
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We next suppose that B ∈ B∞
J and Φ∞

J ([s]) = B with s ∈ W∞
J . Let u be an

arbitrary weight vector of AJ(B1) with weight β. By (7.13), we see that u can be
written as

u =
∑

λ∈Λ1
X(1)λY (1)λ

with X(1)λ and Y (1)λ are weight vectors of AJ([s|1]) and AJ([s|1])c ∩ AJ(B1) re-
spectively. Similarly, we see that for each λ ∈ Λ1, the weight vector Y (1)λ can be
written as

Y (1)λ =
∑

μ∈Λ2
X(2)μY (2)μ

with X(2)μ and Y (2)μ are weight vectors of AJ([s|2) and AJ([s|2)c ∩AJ(B1) respec-
tively. Applying the procedure above recursively, we see that for each p ≥ 2 and
λ ∈ Λp−1, the weight vector Y (p − 1)λ can be written as

Y (p − 1)λ =
∑

μ∈Λp
X(p)μY (p)μ (7.30)

with X(p)μ and Y (p)μ are weight vectors of AJ([s|p]) and AJ([s|p])c ∩ AJ(B1) re-
spectively. Then we have

u =
∑

λ1∈Λ1,...,λp∈Λp
X(1)λ1

· · ·X(p)λp
Y (p)λp

, (7.31)

and hence

β = wt(X(1)λ1
) + · · ·+ wt(X(p)λp

) + wt(Y (p)λp
)

for all λ1 ∈ Λ1, . . . , λp ∈ Λp. Thus there exists p0 ∈ N such that wt(X(p)λ) = 0 for
all p ≥ p0 + 1 and λ ∈ Λp. Hence we may assume that X(p)λ = 1 for all p ≥ p0 + 1
and λ ∈ Λp. By (7.30), we see that

Y (p − 1)λ =
∑

μ∈Λp
Y (p)μ ∈ AJ([s|p])c ∩AJ(B1)

for all p ≥ p0 + 1 and λ ∈ Λp−1, which implies that

Y (p0)λ ∈ ∩p≥p0{AJ([s|p])c ∩AJ(B1)} = AJ(B)c ∩AJ(B1)

for all λ ∈ Λp0 . Since AJ([s|p0 ]) is a subalgebra of AJ(B) such that AJ([s|p]) ⊂
AJ([s|p0 ]) for all p ≤ p0, we have

X(1)λ1
· · ·X(p0)λp0

∈ AJ([s|p0 ]) ⊂ AJ(B).

By (7.31), we have

u =
∑

λ1∈Λ1,...,λp0∈Λp0
X(1)λ1

· · ·X(p0)λp0
Y (p0)λp0

.

Therefore (7.27) is surjective. The proof of (7.21) is quite similar.
We prove (7.24). Since m1 is injective, it suffices to show the surjectivity of m1.

By Proposition 6.3(1) in [7], we may assume that B ⊂ ΔJ(w,−) for some w ∈ ◦
W J.

Then we have AJ(w,−)c ⊂ AJ(B)c. Hence, by (7.19), we see that the multiplication
defines the following injective Q(q)-linear mapping:

m2 : {AJ(B)c ∩AJ(w,−)} ⊗AJ(w,−)
c ↪→ AJ(B)c.

On the other hand, by (7.20), we see that the multiplication defines the following
isomorphism of Q(q)-vector spaces:

AJ(B)⊗ {AJ(B)c ∩AJ(w,−)} ∼−→AJ(w,−). (7.32)
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From (7.32) and (7.19), it follows that the multiplication defines the following iso-
morphism of Q(q)-vector spaces:

m3 : AJ(B)⊗ {AJ(B)c ∩AJ(w,−)} ⊗AJ(w,−)
c ∼−→U+

J . (7.33)

Since m3 = m1 ◦ (id⊗m2), we see that m1 is surjective, and hence m1 is bijective.
The proof of (7.25) is quite similar.

We prove (7.22). Since B ⊂ B1, we have AJ(B1)c ⊂ AJ(B)c. Hence the multi-
plication define the following injective Q(q)-linear mapping:

m4 : {AJ(B)c ∩AJ(B1)} ⊗AJ(B1)c ↪→ AJ(B)c.

On the other hand, by (7.20) and (7.24), we see that the multiplication defines the
following isomorphism of Q(q)-vector spaces:

m5 : AJ(B)⊗ {AJ(B)c ∩AJ(B1)} ⊗AJ(B1)c ∼−→U+
J . (7.34)

Since m5 = m1 ◦ (id ⊗m4) with m1 is bijective, we see that id ⊗m4 is bijective,
and hence m4 is bijective. The proof of (7.23) is similar.

Lemma 7.5. Let y be an arbitrary element of WJ, s an element of WJ such that
[s] = y, and ε an element of

◦
P∨ such that (ε |αi) > 0 for all i ∈ ◦

I\J and (ε |αj) = 0
for all j ∈ J. Then, for each n ∈ Z≥0, we have

A([s̃]tnε ) ∩ U+
J = AJ(y), (7.35)

A([s̃]tnε )c ∩ U+
J = AJ(y)c. (7.36)

Proof. By the definitions of the action of JTy on UJ and the subalgebra A([s̃] tnε )
of U+, we have

A([s̃]tnε ) ∩ U+
J = { u ∈ U+

J | T−n
ε JT

−1
y (u) ∈ U≤0 }

= { u ∈ U+
J | JT−1

y (u) ∈ U≤0
J } = AJ(y),

where the second equality follows from Lemma 5.4(3)(i) and Lemma 5.14(1). The
proof of (7.36) is similar.

Proposition 7.6. Let B be a real biconvex set in ΔJ+, and set

B̃ := B �ΔJ
(1,−). (7.37)

Then B̃ is a real biconvex set and the following equalities hold :

AJ(B) = A(B̃) ∩ U+
J , (7.38)

AJ(B)c = A(B̃)c ∩ U+
J . (7.39)

Proof. We may assume that J �
◦
I. Suppose that B ∈ BJ. Then B = ΦJ(y) for

some y ∈WJ. Let s be an element ofWJ such that [s] = y, and ε an element of
◦
P∨

such that (ε |αi) > 0 for all i ∈ ◦
I \ J and (ε |αj) = 0 for all j ∈ J. By Proposition

3.8, we have ∪n≥0Φ([s̃]tnε ) = B̃, hence B̃ ∈ B∞ by Lemma 3.7(2). Thus, by Lemma
7.5, we have

A(B̃) ∩ U+
J = {

⋃
n≥0

A([s̃]tnε )} ∩ U+
J =

⋃
n≥0

{A([s̃]tnε ) ∩ U+
J } = AJ(y) = AJ(B),

A(B̃)c ∩ U+
J = {

⋂
n≥0

A([s̃]tnε )c} ∩ U+
J =

⋂
n≥0

{A([s̃]tnε )c ∩ U+
J } = AJ(y)c = AJ(B)c.
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Suppose that B ∈ B∞
J . Let s be an element of W∞

J such that Φ∞
J ([s]) = B. By

the definitions of AJ([s|p]) and AJ([s|p])c, for each p ∈ N, we have

AJ([s|p]) = A([s̃|p]) ∩ U+
J ,

AJ([s|p])c = A([s̃|p])c ∩ U+
J .

By Lemma 3.6(2), we have ∪p∈NΦ([s̃|p]) = B̃, and hence B̃ ∈ B∞ by Lemma 3.7(2).
Thus we get

AJ(B) =
⋃
p∈N

AJ([s|p]) = {
⋃
p∈N

A([s̃|p])} ∩ U+
J = A(B̃) ∩ U+

J ,

AJ(B)c =
⋂
p∈N

AJ([s|p])c = {
⋂
p∈N

A([s̃|p])c} ∩ U+
J = A(B̃)c ∩ U+

J .

8. Convex bases of U+
J

The aim of this section is to construct convex bases of U+
J associated with all

convex orders on ΔJ+, where J is an arbitrary non-empty subset of
◦
I.

Proposition 8.1. Let C1 and C2 be real biconvex sets in ΔJ+ such that C1 ⊂ C2.
Denote C1 and C2 uniquely by C1 = ∇J(K, w, y) and C2 = C1 � wyB with K ⊂ J,
w ∈ ◦

WK
J , y ∈WK, and B ∈ B∗

K. Then the following equality holds:

AJ(C1)c ∩AJ(C2) = Tw · JTyAK(B). (8.1)

Moreover, the multiplication defines the following isomorphisms of Q(q)-vector spaces:

AJ(C1)⊗ Tw · JTyAK(B) ∼−→AJ(C2), (8.2)

Tw · JTyAK(B)⊗AJ(C1)
∼−→AJ(C2). (8.3)

Proof. In the case where C1 ∈ BJ, we have K = J and C1 = ΦJ(y), which implies
that w = 1 and B = y−1{C1 \ ΦJ(y)}. Thus AJ(C1)c ∩ AJ(C2) = JTyAJ(B) by
Proposition 5.20(2) and Proposition 7.2(2). Therefore (8.1) is valid in this case.

We next suppose that C1 ∈ B∞
J . Then K � J. Let ε be an element of

◦
P∨

such that (ε |αi) > 0 for all j ∈ ◦
I \K and (ε |αk) = 0 for all k ∈ K, s an element

of WK such that [s] = y, and s2 an element of W∗
K such that Φ∗

K([s2]) = B.
Set C̃1 := C1 � ΔJ(1,−) and C̃2 := C2 � ΔJ(1,−). Then C̃1 = ∇(K, w, y) and
C̃2 = C̃1 � wyB. Thus, by Proposition 3.8, we have

C̃1 = ∪n≥0Φ(w [s̃] tnε ), (8.4)

C̃2 = ∪n≥0 ∪
(s2)
p=1 Φ(w [s̃] tnε [s̃2|p]). (8.5)

By Proposition 7.6, it follows that

AJ(C1)c = ∩n≥0{A(w [s̃] tnε )c ∩ U+
J }, (8.6)

AJ(C2) = ∪n≥0 ∪
(s2)
p=1 {A(w [s̃] tnε [s̃2|p]) ∩ U+

J }, (8.7)

where

A(w [s̃] tnε )c ∩ U+
J = { u ∈ U+

J | T−n
ε JT

−1
y T−1

w (u) ∈ U+ }, (8.8)

A(w [s̃] tnε [s̃2|p]) ∩ U+
J = { u ∈ U+

J | T−1

[�s2|p]
T−n

ε JT
−1
y T−1

w (u) ∈ U≤0 }. (8.9)
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Here, by Lemma 5.4(3) we have the claim that T−n
ε (x) = x for all x ∈ AK(B).

Combining the claim with (8.6) and (8.8), we get Tw · JTyAK(B) ⊂ AJ(C1)c.
Combining the claim with (8.9) and the equality KT[s2|p] = T[�s2|p]|UK

, we see

that Tw · JTyAK([s2|p]) ⊂ A(w [s̃] tnε [s̃2|p]) ∩ U+
J for all 1 ≤ p ≤ �(s2), and

hence Tw · JTyAK(B) ⊂ AJ(C2) by (8.7). Therefore we get Tw · JTyAK(B) ⊂
AJ(C1)c ∩AJ(C2). By (7.20) in Proposition 7.4(1), we see that the multiplication
m : AJ(C1) ⊗ {AJ(C1)c ∩ AJ(C2)} → AJ(C2) is an isomorphism of vector spaces,
which induces the injective linear mapping:

ϕ : AJ(C1)⊗ Tw · JTyAK(B) ↪→ AJ(C2). (8.10)

Since C1 � wyB = C2, by Proposition 5.19(1) and (7.15), we see that

dimQ(q)(Imϕ)μ = dimQ(q) AJ(C2)μ = 	{ c : C2 → Z+ |
∑

β∈C2

c(β)β = μ} (8.11)

for each μ ∈ QJ+, where (Imϕ)μ := (Im ϕ) ∩ U+
μ . This implies that ϕ = m with

the equality (8.1).
The (8.2) and (8.3) follow immediately from (8.1), (7.20), and (7.21).

Corollary 8.2. Suppose that B is a real biconvex set in ΔJ+ satisfying B ⊂
ΔJ(w,−) for some w ∈ ◦

W J and that

B = ∇J(K, wK, y), B � wKyΔK(y−1wK,−) = ΔJ(w,−)

for some K ⊂ J and y ∈ WK. Then the multiplication defines the following iso-
morphisms of Q(q)-vector spaces:

AJ(B)⊗ TwK · JTyAK(y−1wK,−)
∼−→AJ(w,−), (8.12)

TwK · JTyAK(y−1wK,−)⊗AJ(B) ∼−→AJ(w,−), (8.13)

TwK · JTyAK(y−1wK,−)⊗AJ(w,−)
c ∼−→AJ(B)c, (8.14)

AJ(w,−)
c ⊗ TwK · JTyAK(y−1wK,−)

∼−→AJ(B)c. (8.15)

Proof. By (8.1), we have

AJ(B)c ∩AJ(w,−) = TwK · JTyAK(y−1wK,−). (8.16)

Hence, (8.12) and (8.13) follow from (8.2) and (8.3), respectively. It follows from
(7.22) and (7.23) in Proposition 7.4(1) that the multiplication defines the following
isomorphisms of vector spaces:

{AJ(B)c ∩AJ(w,−)} ⊗AJ(w,−)
c ∼−→AJ(B)c, (8.17)

AJ(w,−)
c ⊗ {AJ(B)c ∩AJ(w,−)} ∼−→AJ(B)c, (8.18)

which imply (8.14) and (8.15).

Definition 8.3. Let Λ be a totally ordered set with � the total order on Λ. Then
we call a subset I ⊂ Λ a section of Λ with respect to � if [λ, μ]� ⊂ I for all λ, μ ∈ I
satisfying λ ≺ μ, where [λ, μ]� := {ν ∈ Λ |λ � ν � μ}. If, in addition, I ≺ (Λ \ I)
then we call I an initial section of Λ with respect to �. Moreover, for each λ ∈ Λ
we set

(∗, λ]� := {μ ∈ Λ |μ � λ}, (λ, ∗)� := Λ \ (∗, λ]�,

(∗, λ)� := {μ ∈ Λ |μ ≺ λ}, [λ, ∗)� := Λ \ (∗, λ)�.
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Let A be an associative algebra with the unit 1 over a commutative ring R, and
{Xλ |λ ∈ Λ} a subset of A indexed by the totally ordered set Λ. For each finitely
supported function c : Λ→ Z+, we set

Xc
≺ := X

c(λ1)
λ1

·Xc(λ2)
λ2

· · ·Xc(λm)
λm

, Xc
� := X

c(λm)
λm

· · ·Xc(λ2)
λ2

·Xc(λ1)
λ1

, (8.19)

where supp(c) = {λ1, λ2, · · · , λm} with λ1 ≺ λ2 ≺ · · · ≺ λm. Here we set Xc
≺ =

Xc� := 1 if supp(c) = ∅. We denote by X≺(Λ) (resp. X�(Λ)) the set of all Xc≺
(resp. Xc

�). For each Σ ⊂ Λ, we set

X≺(Σ) := {Ec
≺ | supp(c) ⊂ Σ}, X�(Σ) := {Ec

� | supp(c) ⊂ Σ}. (8.20)

Then we call X≺(Λ) (resp. X�(Λ)) a convex basis of A if X≺(I) (resp. X�(I)) is a
free R-basis of the R-subalgebra 〈Xλ |λ∈I 〉R−alg of A for each section I of Λ with
respect to �.

Theorem 8.4. Let (n, K•, y•, s•) be an element of N�J×CnJ×WK• ×W∞
K• satis-

fying the conditions (3.1) and (3.2) (cf. Theorem 3.3(2)), and � the convex order
on ΔJ(w,−) associated with the (n, K•, y•, s•). For each α ∈ ΔJ(w,−), we define a
weight vector Eα = E�,α ∈ U+

J with weight α by setting

Eα = E�,α := T
wKi−1 · JTyi−1(Esi−1(p)) (8.21)

= T
wKi−1 · JTyi−1 · JTsi−1(1) · · · · · JTsi−1(p − 1)(Esi−1(p)),

where α = wKi−1yi−1φsi−1(p) with i ∈ Nn and p ∈ N. Then the sets E≺(ΔJ(w,−))
and E�(ΔJ(w,−)), respectively, are convex bases of the Q(q)-algebra AJ(w,−) and of
the A1-algebra A1AJ(w,−) := AJ(w,−) ∩ A1U

+.
Moreover, if I is an initial section with respect to �, then I is a real biconvex

set in ΔJ+ and the following equalities hold :

〈Eα |α∈I 〉Q(q)−alg = AJ(I), (8.22)
〈Eα |α∈Ic 〉Q(q)−alg = AJ(I)c ∩AJ(w,−), (8.23)

where Ic := ΔJ(w,−) \ I.

Proof. By (3.1)(3.2) in Theorem 3.3(2), we have

Δ(w,−) = �n
i=1w

Ki−1yi−1Φ
∞
Ki−1

([si−1]), (8.24)

Ci−1 � wKi−1yi−1Φ
∞
Ki−1

([si−1]) = Ci ∈ B∞
J for each 1 � i � n, (8.25)

where y0 := 1 and C0 := ∅. We set Bi−1 := Φ∞
Ki−1

([si−1]) for each i ∈ Nn. Then,
by (8.2) and (8.25), we see that the multiplication defines the following Q(q)-linear
isomorphism:

AJ(Ci−1)⊗ T
wKi−1 · JTyi−1AKi−1(Bi−1)

∼−→AJ(Ci) (8.26)

for each i ∈ Nn. Since Cn = ΔJ(w,−) and C1 = B0, the multiplication defines the
following Q(q)-linear isomorphisms:

⊗n
j=1TwKj−1 · JTyj−1AKj−1(Bj−1)

∼−→AJ(w,−), (8.27)

⊗i
j=1TwKj−1 · JTyj−1AKj−1(Bj−1)

∼−→AJ(Ci), (8.28)

⊗n
j=i+1TwKj−1 · JTyj−1AKj−1(Bj−1)

∼−→AJ(Ci)c ∩AJ(w,−). (8.29)

Here, Aj−1 := T
wKj−1 · JTyj−1AKj−1(Bj−1) is located on the left side of Aj′−1 in

the tensor products above if j < j′. By (8.27), we see that E≺(ΔJ(w,−)) is a basis
of AJ(w,−). Moreover, by Lemma 4.5(1) we see that E≺(ΔJ(w,−)) is a subset of
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A1AJ(w,−) \ (q − 1)A1AJ(w,−), and hence that the set E≺(ΔJ(w,−)) is also a basis
of A1AJ(w,−) over A1 by Proposition 4.2 and Lemma 4.3.

We next prove (8.22)(8.23). Since I is an initial section, it is easy to see that I
is a real biconvex set in ΔJ+. Let us consider in the case where I = (∗, α]�, and
let i ∈ Nn and p ∈ N be unique elements such that α = wKi−1yi−1φsi−1 (p). We put
x := [si−1|p] and B′

i−1 := x−1{Bi−1 \ ΦKi−1(x)}. Then we see that

I = Ci−1 � wKi−1yi−1ΦKi−1(x), (8.30)

Ci = I � wKi−1yi−1xB′
i−1. (8.31)

By (8.2) and (8.30), we see that the multiplication defines the following Q(q)-linear
isomorphism:

AJ(Ci−1)⊗ T
wKi−1 · JTyi−1AKi−1(x) ∼−→AJ(I). (8.32)

By (8.28) with replacing i by i−1 and (8.32), we see that E≺(I) is a basis of AJ(I)
and that (8.22) holds for I = (∗, α]�. By (8.1) and (8.31), we have

AJ(I)c ∩AJ(Ci) = T
wKi−1 · JTyi−1 · JTxAKi−1(B

′
i−1). (8.33)

Since I ⊂ Ci ⊂ ΔJ(w,−), it follows from (7.22) that the multiplication defines the
following Q(q)-linear isomorphism:

{AJ(I)c ∩AJ(Ci)} ⊗ {AJ(Ci)c ∩AJ(w,−)} ∼−→AJ(I)c ∩AJ(w,−). (8.34)

By (8.29)(8.33)(8.34), we see that E≺(Ic) is a basis of AJ(I)c ∩ AJ(w,−) and that
(8.23) holds for I = (∗, α]�. Similarly, we can prove the assertions in the case where
I = (∗, α)�.

For each α � β, we see that E≺([α, ∗)�) ∩ E≺((∗, β]�) = E≺([α, β]�) and

〈Eη | η ∈ [α, ∗)�〉Q(q)−alg ∩ 〈Eη | η ∈ (∗, β]�〉Q(q)−alg = 〈Eη | η ∈ [α, β]�〉Q(q)−alg.

Thus E≺(I) is a basis of 〈Eη | η∈I 〉Q(q)−alg for I = [α, β]�. Similarly, we can prove
that E≺(I) is a basis of 〈Eη | η∈I 〉Q(q)−alg for each section I with respect to �.
Therefore, the set E≺(ΔJ(w,−)) is a convex basis of AJ(w,−), and hence the set is a
convex basis of A1AJ(w,−) over A1 by Proposition 4.2 and Lemma 4.3. The proof
of the assertion for E�(ΔJ(w,−)) is quite similar.

Proposition 8.5. (1) The following equalities hold :

AJ(1, +) = 〈x+
j,m | j ∈ J, m ∈ Z+ 〉Q(q)−alg, (8.35)

AJ(1,−) = 〈Eδ−ε , x−
j,n | ε ∈

◦
ΔJ+, j ∈ J, n ∈ N 〉Q(q)−alg , (8.36)

where both x+
j,m and x−

j,n are introduced in Definition 6.1, and Eδ−ε is introduced
in Definition 5.2.

(2) For each w ∈ ◦
W , the following inclusions hold :

[AJ(w,±) , AJ(w, 0)] ⊂ AJ(w,±). (8.37)

Proof. (1) Since the proof of (8.36) is similar to that of (8.35), we only prove
(8.35). Set X+

J := 〈x+
j,m | j ∈ J, m ∈ Z+〉Q(q)−alg . Then, by Lemma 6.2(2) we have

AJ(1, +) ⊃ X+
J . To prove the opposite inclusion AJ(1, +) ⊂ X+

J , let λ be an element

of
◦
Q∨

J \ {0} such that λ =
∑

j∈J kjεj with kj ∈ N for all j ∈ J, and s1, s2, . . . , sn

elements of SJ such that s1s2 · · · sn = t−λ with n = �J(t−λ). Here, we define
an infinite sequence s = (s(p))p∈N ∈ SN

J by setting s(p) := sp for each p ∈ N,
where p ∈ Nn such that p ≡ p mod n. Then the s is an element of W∞

J such
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that Φ∞
J ([s]) = ΔJ(w,+), and hence the convex order � on ΔJ(w,+) associated

with s is of 1-row type (see Theorem 3.3 and Remark 3.4). Since AJ(1, +) =
〈ΨE�,α |α ∈ ΔJ(1, +)〉Q(q)−alg , it suffices to show that ΨE�,α ∈ X+

J for all α ∈
ΔJ(1, +). We use the induction on ht(α). Firstly, we consider the case where
ht(α) = 1. Then α = mδ + αj with (j,m) ∈ J× Z+. Hence, by Lemma 6.2(3) we
see that ΨE�,mδ+αj = x+

j,m ∈ X+
J . Secondly, we consider the case where ht(α) ≥ 2.

Let [β, γ]� be a minimal section of ΔJ(1, +) satisfying α = β + γ. By Theorem
8.4 and Proposition 4.2, we see that there exist elements c1, c2 ∈ A1 \ (q − 1)A1

such that E�,γE�,β = c1E�,α + c2E�,βE�,γ . Since ht(β),ht(γ) < ht(α), by the
hypothesis of the induction, we see that

Ψ(E�,α) =
1
c1

Ψ(E�,β)Φ(E�,γ)− c2

c1
Ψ(E�,γ)Ψ(E�,γ) ∈ X+

J .

(2) By Proposition 6.5 and (8.35), we have

[AJ(1, +) , AJ(1, 0)] ⊂ AJ(1, +). (8.38)

Since ΔJ(1, +) = ΔJ(w◦,−), by (5.37)(5.38)(5.46), we have

[AJ(w◦,−) , AJ(w◦, 0)] ⊂ AJ(w◦,−), (8.39)

where w◦ is the longest element of
◦

W J. Set w′ = w◦w−1. Then we have Tw◦ =
TwTw′ , and hence Tw′AJ(w, 0) = AJ(w◦, 0). Since the multiplication defines the Q(q)-
linear isomorphism U<(w′) ⊗ Tw′UJ,<(w,−) → UJ,<(w◦,−), we have Tw′AJ(w,−) ⊂
AJ(w◦,−). Therefore, by (8.39), we have

[Tw′AJ(w,−) , Tw′AJ(w, 0)] ⊂ AJ(w◦,−).

Since [Tw′AJ(w,−) , Tw′AJ(w, 0)] ∈ AJ(w◦,−) ∩A(w′)c, we have

[Tw′AJ(w,−) , Tw′AJ(w, 0)] ⊂ Tw′AJ(w,−),

and hence [AJ(w,−), AJ(w, 0)] ⊂ AJ(w,−). By (5.37)(5.38)(5.46), we have

[AJ(w,+) , ΨAJ(ww◦, 0)] ⊂ AJ(w,+),

and hence [AJ(w,+) , AJ(w, 0)] ⊂ AJ(w,+).

Theorem 8.6. Let � be an arbitrary convex order on ΔJ+, and w ∈ ◦
W J the unique

element such that

ΔJ(w,−) ≺ Δim
+ ≺ ΔJ(w,+). (8.40)

We define �−, �0, and �+ to be the restriction of � to ΔJ(w,−), Δim
+ , and

ΔJ(w, +), respectively, and define a total order �̃0 on the following set

Δ̃im
J+ = Δim

+ × J = { (nδ, j) | n ∈ N, j ∈ J }
by setting

(nδ, j) ≺̃0 (n′δ, j′)⇐⇒
{

nδ ≺0 n′δ if n 	= n′,
j < j′ if n = n′.

(8.41)

In addition, we define a total order �̃ on the following set

Δ̃J+ = Δre
J+ � Δ̃im

J+ = ΔJ(w,−)� Δ̃im
J+ �ΔJ(w,+)

by extending �−, �̃0, and �+ such as

ΔJ(w,−) ≺̃ Δ̃im
J+ ≺̃ ΔJ(w,+). (8.42)
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For each η ∈ Δ̃J+, we set

Eη = E�,η :=

⎧⎪⎨⎪⎩
E�−,η if η ∈ ΔJ(w,−),

Tw(Ij,n) if η = (nδ, j) ∈ Δ̃im
J+,

Ψ(E�op
+ ,η) if η ∈ ΔJ(w, +),

(8.43)

where �op
+ is the opposite order of �+. Then the sets E≺(Δ̃J+) and E�(Δ̃J+),

respectively, are convex bases of the Q(q)-algebra U+
J and of the A1-algebra A1U

+
J :=

A1U
+ ∩ U+

J .
Moreover, for each η, ζ ∈ Δ̃J+ satisfying η ≺̃ ζ, the following equalities hold :

[Eη , Eζ ]q =
∑

supp(c)⊂(η,ζ)�̃

hcE
c
≺, (8.44)

[Eη , Eζ ]q =
∑

supp(c)⊂(η,ζ)�̃

gcE
c
�, (8.45)

where hc, gc ∈ A1.

Proof. By Proposition 6.8, Proposition 7.1(1), Theorem 8.4, and Proposition 7.2(2),
we see that E≺(Δ̃J+) is a basis of U+

J . Moreover, by Lemma 4.5(1) and Lemma
6.6(1), we see that E≺(Δ̃J+) is a subset of A1U

+
J \ (q − 1)A1U

+
J . Hence, it follows

from Proposition 4.2 and Lemma 4.3 that the set E≺(Δ̃J+) is also a basis of the
A1-algebra A1U

+
J .

Suppose that η ∈ ΔJ(w,−). Since (∗, η]�̃ = (∗, η]�− , by (8.22), we see that
E≺((∗, η]�̃) is a basis of AJ((∗, η]�̃). By (8.23), (7.17), and (7.22), we see that
E≺((η, ∗)�̃) is a basis of AJ((∗, η]�̃)c.

We next suppose that η ∈ ΔJ(w,+). Here we remark that Ψ is an anti-automorphism
of the Q(q)-algebra U+

J . Since (η, ∗)�̃ = (η, ∗)�+ , by (8.22), we see that E≺((η, ∗)�̃)
is a basis of ΨAJ((η, ∗)�̃). By (8.23), (7.18), and (7.22), we see that E≺((∗, η]�̃) is
a basis of ΨAJ((η, ∗)�̃)c.

We next suppose that η ∈ Δ̃im
J+. By Proposition 6.8, (7.3), (7.16), Theo-

rem 8.4, and Proposition 8.5(2), we see that E≺(I) is a basis of the subalgebra
〈Eη | η∈I 〉Q(q)−alg in the case where I = (∗, η]�̃ or I = (η, ∗)�̃.

Therefore we see that E≺(I) is a basis of 〈Eη | η∈I 〉Q(q)−alg in the cases where
I = (∗, η]�̃ or I = (η, ∗)�̃ for each η ∈ ΔJ+. Similarly, we can prove that E≺(I) is
a basis of 〈Eη | η∈I 〉Q(q)−alg in the case where I = (∗, η)�̃ or I = [η, ∗)�̃ for each
η ∈ ΔJ+.

For each η�̃ζ, we see that E≺([η, ∗)�̃) ∩E≺((∗, ζ]�̃) = E≺([η, ζ]�̃) and

〈Eη | η ∈ [η, ∗)�̃ 〉Q(q)−alg ∩ 〈Eη | η ∈ (∗, ζ]�̃ 〉Q(q)−alg = 〈Eη | η ∈ [η, ζ]�̃ 〉Q(q)−alg .

Thus we see that E≺(I) is a basis of 〈Eη | η∈I 〉Q(q)−alg in the case where I = [η, ζ]�̃.
Similarly, we can prove that E≺(I) is a basis of 〈Eη | η∈I 〉Q(q)−alg for each section
I with respect to �. Therefore E≺(Δ̃J+) is a convex basis of U+

J . Since E≺(Δ̃J+)
is also a basis of the A1-algebra A1U

+
J , it is easy to see that E≺(Δ̃J+) is a convex

basis of A1U
+
J .

We next prove (8.44). In the case where η, ζ ∈ ΔJ(w,−), we see that

EζEη − aEηEζ =
∑

supp(c)⊂(η,ζ)�

h′
cE

c
≺, (8.46)
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where a, h′
c ∈ A1. Hence it suffices to show that a = q−(η̇|ζ̇), where ξ̇ := wt(Eξ) for

each ξ ∈ Δ̃J+. Recall that η = wKi−1yi−1φsi−1 (p) for some i ∈ Nn and p ∈ N. We
put x := [si−1|p]. Then, by Theorem 8.4, we see that

Eη ∈ TwKi−1
· JTyi−1AKi−1(x), E≺((η, ζ]�) ⊂ TwKi−1

· JTyi−1AKi−1(x)c,

where (η, ζ]� := (η, ∗)� ∩ (∗, ζ]�. By applying T = JT
−1
x JT

−1
yi−1

T−1
wKi−1

to the both
sides of (8.46), we see that

(the left hand side) = −T (Eζ)K−1
si−1(p)Fsi−1(p) + aK−1

si−1(p)Fsi−1(p)T (Eζ)

= (a− q−(η̇|ζ̇))K−1
si−1(p)Fsi−1(p)T (Eζ)− q−(η̇|ζ̇)K−1

si−1(p)[T (Eζ), Fsi−1(p)], (8.47)

(the right hand side) =
∑

supp(c)⊂(η,ζ)�

h′
cT (Ec

≺) ∈ U+
J . (8.48)

Since both T (Eζ) and JTsi−1(p)T (Eζ) are elements of U+
J , we see that

K−1
si−1(p)[T (Eζ), Fsi−1(p)] ∈ U+

J (8.49)

by Proposition 3.1.6(a) in [14], Proposition 7.1(3), Theorem 5.12, and Proposition
5.10. By (5.15) and (8.47)(8.48)(8.49), we get a = q−(η̇|ζ̇). Similarly, we can
prove (8.44) in the case where η, ζ ∈ ΔJ(w,+) or the case where η ∈ ΔJ(w,−) and
ζ ∈ ΔJ(w, +). In the case where η, ζ ∈ Δ̃im

J+, the (8.44) follows from Proposition
6.8. The proof of (8.45) is quite similar.

9. Dual convex bases of U+
and U−

with respect to the q-Killing

form

Throughout this section, we assume that g is the affine Kac-Moody Lie algebra
of the type X

(1)
r (X = A,B, C,D, E, F,G). Firstly, we introduce a well-known

standard Q(q)-bilinear form between U≥0 and U≤0, which is called the q-Killing
form since it can be regarded as a q-analogue of the Killing form on g. Secondly,
we introduce a Damiani’s work concerning detailed computation of values of the
q-Killing form on the subalgebras generated by the imaginary root vectors. Thirdly,
we will construct the dual convex bases of U+ and U− with respect to the q-Killing
form. Finally, we will present the multiplicative formula for the R-matrix of Uq(g)
associated with an arbitrary convex order on Δ+.

Theorem 9.1 ([15]). There exists a unique non-degenerate Q(q)-bilinear form ( | ) :
U≥0 × U≤0 → Q(q) which satisfies the following equalities:

(x | y1y2) = (Δ(x) | y1 ⊗ y2), (x1x2 | y) = (x2 ⊗ x1 |Δ(y)),

(Kμ |Kν) = q−(μ|ν), (Ei |Kν) = (Kμ |Fi) = 0, (Ei |Fj) = δij/(q−1
i − qi),

where x, x1, x2 ∈ U≥0, y, y1, y2 ∈ U≤0, i, j ∈ I, μ, ν ∈ P , and Δ is the coproduct of
U defined by

Δ(Ei) = Ei ⊗ 1 + Ki ⊗ Ei, Δ(Fi) = Fi ⊗K−1
i + 1⊗ Fi, Δ(Kμ) = Kμ ⊗Kμ.

Here we use the notation ( | ) also for the Q(q)-bilinear form ( | ) : (U≥0)⊗2 ×
(U≤0)⊗2 → Q(q) induced by

(x1 ⊗ x2 | y1 ⊗ y2) := (x1 | y1)(x2 | y2).
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Lemma 9.2 ([10]). (1) For each μ, ν ∈ Q+, x ∈ U+
μ , y ∈ U−

−ν , and ξ, η ∈ P , the
following equality holds:

(xKξ | yKη) = δμνq−(ξ|η)(x | y). (9.1)

Moreover, the restriction of the form ( | ) to U+
μ × U−

−μ is non-degenerate.
(2) For each x ∈ U+ and y ∈ U−, the following equality holds:

(Ψ(x) |Ψ(y)) = (x | y).

(3) For each i ∈ I, x ∈ A(si)c, y ∈ A−(si)c, and m, n ∈ Z≥0, the following
equality holds:

(xEm
i | yF n) = δmn(x | y)(Em

i |Fm
i ) (9.2)

with the following equality:

(Em
i |Fm

i ) = (m)qi !/(q−1
i − qi)m. (9.3)

Proof. Although the claims are proved in [10] in the case where g is an arbitrary
finite dimensional simple Lie algebra, the proof can be applied to the untwisted
affine case.

Proposition 9.3. For each y ∈ W , a ∈ Ψ(A(y)c), and b ∈ Ψ(A−(y)c), the follow-
ing equality holds:

(Ty(a) |Ty(b)) = (a | b). (9.4)

Proof. Since the claim is clear in the case where y = 1, we may assume that �(y) > 1.
We use the induction on l = �(y). In the case where l = 1, we can apply the proof
of Proposition 8.28 in [10] to the case. In the case where l ≥ 2, there exist i ∈ I
and y′ ∈ W such that y = y′si and �(y′) = l − 1. Then we see that Ty = Ty′Ti,
Ti(a) ∈ Ψ(A(y′)c), and Ti(b) ∈ Ψ(A−(y′)c). Hence, by the inductive assumption,
we have the following equalities:

(Ty(a) |Ty(b)) = (Ty′Ti(a) |Ty′Ti(b)) = (Ti(a) |Ti(b)) = (a | b).

Proposition 9.4. Let B be an arbitrary element of B∗. If x1 ∈ A(B)c, x2 ∈ A(B),
y1 ∈ A−(B)c, y2 ∈ A−(B), then the following equality holds:

(x1x2 | y1y2) = (x1 | y1)(x2 | y2). (9.5)

Proof. We first prove (9.5) in the case where B = Φ(y) with y ∈ W . By Proposition
7.2(2), we have A(B) = A(y) = U>(y) and A−(B) = A−(y) = U−

> (y). We use the
induction on l = �(y). In the case where l = 0, since y = 1, we have U>(y) =
U−

> (y) = Q(q), which implies (9.5). In the case where l > 0, there exist i ∈ I
and y′ ∈ W such that y = siy

′ and �(y′) = l − 1. By Proposition 5.20(2), there
exist m, n ∈ Z≥0, a′

2 ∈ TiU>(y′), and b′2 ∈ TiU
−
> (y′) such that a2 = a′

2E
m
i and

b2 = b′2F
n
i . Then we have T−1

i (a′
2) ∈ U>(y′) and T−1

i (b′2) ∈ U−
> (y′). In addition,

we have T−1
i (a1) ∈ A(y′)c and T−1

i (b1) ∈ A−(y′)c. By Lemma 9.2(3), Proposition
9.3, and the inductive assumption, we see that

(a1a2 | b1b2) = (a1a
′
2E

m
i | b1b

′
2F

n
i ) = (a1a

′
2 | b1b

′
2)(E

m
i |Fn

i )

= (T−1
i (a1)T−1

i (a′
2) |T−1

i (b1)T−1
i (b′2))(E

m
i |Fn

i )

= (T−1
i (a1) |T−1

i (b1))(T−1
i (a′

2) |T−1
i (b′2))(E

m
i |Fn

i )
= (a1 | b1)(a′

2 | b′2)(Em
i |Fn

i ) = (a1 | b1)(a2 | b2).
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We next prove (9.5) in the case where B ∈ B∞. By Proposition 7.2(2), we
have A(B) = U>(B) and A−(B) = U−

> (B). Then, by Proposition 5.20(2), there
exits y ∈ W (B) such that x2 ∈ A(y) and y2 ∈ A−(y), and hence x1 ∈ A(y)c and
y1 ∈ A−(y)c. Thus we get (9.5) in this case.

Proposition 9.5. (1) Let w be an arbitrary element of
◦

W . If X+ ∈ A(w, +),
Y+ ∈ A−(w,+), X0 ∈ A(w, 0), Y0 ∈ A−(w, 0), X− ∈ A(w,−), Y− ∈ A−(w,−), then we
have

(X+X0X− |Y+Y0Y−) = (X+ |Y+)(X0 |Y0)(X− |Y−). (9.6)

(2) Let � be an arbitrary convex order on Δ(w,−). Then the following equality
holds:

(Ec
� |F c′

� ) = δc,c′
∏

α∈Δ(w,−)

(c(α))qα !/(q−1
α − qα)c(α), (9.7)

where F c′
� := Ω(Ec′

≺ ), F
c(α)
�,α := Ω(Ec(α)

�,α ).

Proof. (1) Since X+X0 ∈ A(w,−)c and Y+Y0 ∈ A−(w,−)c, by Proposition 9.4, we
have

(X+X0X− |Y+Y0Y−) = (X+X0 |Y+Y0)(X− |Y−).

Since A(w, 0) ⊂ A(w, +)c and A−(w, 0) ⊂ A−(w,+)c, by Lemma 9.2(2) and Proposi-
tion 9.4, we have

(X+X0 |Y+Y0) = (X+ |Y+)(X0 |Y0).

Hence (9.6) is valid.
(2) We assume that supp(c) ∪ supp(c′) = {β1, β2, . . . , βm} and β1 ≺ β2 ≺ · · · ≺

βm, and put I = (∗, β1]�. Then, by Theorem 8.4(8.22)(8.23), we see that

E
c(βm)
�,βm

· · ·Ec(β2)
�,β2

∈ A(I)c, E
c(β1)
�,β1

∈ A(I),

F
c′(βm)
�,βm

· · ·F c′(β2)
�,β2

∈ A−(I)c, F
c′(β1)
�,β1

∈ A−(I).

Hence, by Lemma 9.2(1), Proposition 9.4, and the induction on m, we see that

(Ec
� |F c′

� ) = (Ec(βm)
�,βm

· · ·Ec(β2)
�,β2

E
c(β1)
�,β1

|F c′(βm)
�,βm

· · ·F c′(β2)
�,β2

F
c′(β1)
�,β1

)

= (Ec(βm)
�,βm

· · ·Ec(β2)
�,β2

|F c′(βm)
�,βm

· · ·F c′(β2)
�,β2

)(Ec(β1)
�,β1

|F c′(β1)
�,β1

) =
m∏

k=1

(Ec(βk)
�,βk

|F c′(βk)
�,βk

)

=
m∏

k=1

δc(βk),c′(βk)(E
c(βk)
�,βk

|F c(βk)
�,βk

) = δc,c′
∏

α∈Δ(w,−)

(Ec(α)
�,α |F c(α)

�,α ).

The (9.7) follows from Lemma 9.2(3) and Proposition 9.3.

Thanks to Proposition 9.5, to complete the computation of values of q-the Killing
form, it suffices to compute the values on A(w, 0)×A−(w, 0). For the completion of
the task, we refer to the following Damiani’s work concerning detailed computation
of the values of the q-Killing form on the subalgebras generated by the imaginary
root vectors.
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Proposition 9.6 ([6]). (1) For each n ∈ N and i, j ∈ ◦
I with i < j, there is a

solution {A(n)
il ∈ Q(q) | i ≤ l ∈ ◦

I} of the following system of linear equations:∑
i≤l

A
(n)
il (sgn(Alj))n[nAlj ]ql

/n = 0 (9.8)

under the condition A
(n)
ii 	= 0.

(2) For each (i, n) ∈ ◦
I× N, one set

Ĩi,n :=
∑
i≤l

A
(n)
il Il,n, J̃i,n := Ω(Ĩi,n). (9.9)

Then the elements {Ĩi,n |n ∈ N, i ∈ ◦
I} satisfy the following conditions (i)(ii):

(i) for each n ∈ N, the sets {Ĩi,n | i ∈
◦
I} and {Ii,n | i ∈

◦
I}, respectively, are bases

of the same Q(q)-vector subspace of U+;

(ii) for each pair (c, c′) of finitely supported Z+-valued functions on
◦
I × N, the

following equality holds:

(
∏

(i,n)∈◦
I×N

Ĩ
c(i,n)
i,n |

∏
(i,n)∈◦

I×N

J̃
c′(i,n)
i,n ) = δc,c′

∏
(i,n)∈◦

I×N

(c(i, n))!(Ĩi,n | J̃i,n)c(i,n),

(9.10)

where the value of (Ĩi,n | J̃i,n) is given by

(Ĩi,n | J̃i,n) = A
(n)
ii

∑
i≤j

A
(n)
ij (sgn(Aji))n [nAji]qj

n(q−1
i − qi)

. (9.11)

Remark 9.7. For each n ∈ N and i, j ∈ ◦
I with i < j, a solution {A(n)

il ∈ Q(q) | i ≤
l ∈ ◦

I} of the system of the linear equations (9.8) is given in Proposition 7.4.3 in
[6].

Theorem 9.8. Let � be an arbitrary convex order on Δ+, and w ∈ ◦
W the unique

element such that

Δ(w,−) ≺ Δim
+ ≺ Δ(w,+). (9.12)

We define �−, �0, and �+ to be the restriction of � to Δ(w,−), Δim
+ , and Δ(w, +),

respectively, and define a total order �̃0 on the following set

Δ̃im
+ := Δim

+ ×
◦
I = { (nδ, i) | n ∈ N, i ∈ ◦

I }
by setting

(nδ, i) ≺̃0 (n′δ, i′)⇐⇒
{

nδ ≺0 n′δ if n 	= n′,
i < i′ if n = n′.

(9.13)

In addition, we define a total order �̃ on the following set

Δ̃+ := Δre
+ � Δ̃im

+ = Δ(w,−)� Δ̃im
+ �Δ(w,+)

by extending �−, �̃0, and �+ such as

Δ(w,−) ≺̃ Δ̃im
+ ≺̃ Δ(w, +). (9.14)
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For each η ∈ Δ̃+, we set

Ẽη = Ẽ�,η :=

⎧⎪⎨⎪⎩
E�−,η if η ∈ Δ(w,−),

Tw(Ĩi,n) if η = (nδ, i) ∈ Δ̃im
+ ,

Ψ(E�op
+ ,η) if η ∈ Δ(w,+),

(9.15)

where �op
+ is the opposite order of �+, and set F̃η = F̃�,η := Ω(Ẽ�,η). Then

the sets Ẽ�̃(Δ̃+) and F̃�̃(Δ̃+) are convex bases of U+ and of U− respectively, and
satisfy the following equalities:

(Ẽc
�̃ | F̃ c′

�̃ ) = δc,c′
∏

η∈Δ̃+

(c(η))qη !(Ẽ�,η | F̃�,η)c(η) (9.16)

= δc,c′
∏

α∈Δre
+

(c(α))qα !/(q−1
α − qα)c(α) ×

∏
(nδ,i)∈Δ̃im

+

(c(nδ, i))!(Ĩi,n | J̃i,n)c(nδ,i),

(9.17)

where the value of (Ĩi,n | J̃i,n) is given by (9.11). Therefore, the convex basis Ẽ�̃(Δ̃+)
of U+ and the following convex basis{

F̃ c
�̃

(Ẽc
�̃ | F̃ c

�̃)
| c : Δ̃+ → Z+ s.t. 	supp(c) <∞

}
of U− form a pair of the dual bases with respect to the q-Killing form ( | ).

Proof. By Proposition 6.8, (7.3), and (9.9), we see that the set Ẽ�̃(Δ̃im
+ ) is also a

basis of the commutative subalgebra A(w, 0). So, by the same manner of the proof
of Theorem 8.6, it is easy to see that the first assertion is valid. By Proposition 9.6
and Proposition 9.3, we see that

(Ẽc
�̃ | F̃ c′

�̃ ) = δc,c′
∏

(nδ,i)∈Δ̃im
+

(c(nδ, i))!(Ĩi,n | J̃i,n)c(nδ,i) (9.18)

for each pair (c, c′) satisfying supp(c), supp(c′) ⊂ Δ̃im
+ . Let w◦ be the longest

element of
◦

W J. Then Δ(w,+) = Δ(ww◦,−). Hence, by Proposition 9.5(2) and
Lemma 9.2(2), we see that

(Ẽc
�̃ | F̃ c′

�̃ ) = δc,c′
∏

α∈Δ(w,+)

(c(α))qα !/(q−1
α − qα)c(α), (9.19)

for each pair (c, c′) satisfying supp(c), supp(c′) ⊂ Δ(w,+). Therefore the equalities
(9.16) and (9.17) follows from Proposition 9.5(1)(2), (9.18), and (9.19). The last
assertion follows from the first assertion and the equality (9.16).

Corollary 9.9. We use the notations as in Proposition 9.6 and Theorem 9.8. For
each convex order � on Δ+, the universal R-matrix R of Uq(g) can be expressed
as follows:

R =

⎛⎝ ∏�

α∈Δ(w,+)

Θ�,α

⎞⎠⎛⎝ ∏�

α∈Δim
+

Θ�,α

⎞⎠⎛⎝ ∏�

α∈Δ(w,−)

Θ�,α

⎞⎠ q−T , (9.20)
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where T ∈ h∗ ⊗ h∗ is the canonical element of the inner product ( | ) on h∗ and

Θ�,α :=

{
expqα

(
(q−1

α − qα)E�,α ⊗ F�,α

)
for α ∈ Δre

+ ,

exp
(∑r

i=1 Tw(Ĩi,n)⊗ Tw(J̃i,n)/(Ĩi,n | J̃i,n)
)

for α = nδ ∈ Δim
+ .

(9.21)

Here, Θ�,α′ is located on the left side of Θ�,α in the product above if α′ # α, and
expqα

(x) =
∑∞

m=0 xm/(m)qα !.

Proof. Let Θ be the canonical element of the restriction of the q-Killing form to
U+

q ×U−
q . Then it is known that the universal R-matrixR of Uq(g) can be expressed

as follows (cf. [15]):

R = Θ · q−T . (9.22)

By Theorem 9.8, we see that

Θ =
∑
c

Ẽc
�̃ ⊗ F̃ c

�̃
(Ẽc

�̃ | F̃ c
�̃)

=
∑
c

∏�̃

η∈Δ̃+

Ẽ
c(η)
�,η ⊗ F̃

c(η)
�,η

(c(η))qη !(Ẽ�,η | F̃�,η)c(η)

=
∏�̃

η∈Δ̃+

∞∑
m=0

1
(m)qη !

(
Ẽ�,η ⊗ F̃�,η

(Ẽ�,η | F̃�,η)

)m

=
∏�̃

η∈Δ̃+

expqη

(
Ẽ�,η ⊗ F̃�,η

(Ẽ�,η | F̃�,η)

)

=

⎛⎝ ∏�

α∈Δ(w,+)

Θ�,α

⎞⎠
⎛⎜⎝ ∏�̃

η∈Δ̃im
+

Θ�,η

⎞⎟⎠
⎛⎝ ∏�

α∈Δ(w,−)

Θ�,α

⎞⎠ , (9.23)

where

Θ�,η := exp
(
Tw(Ĩi,n)⊗ Tw(J̃i,n)/(Ĩi,n | J̃i,n)

)
for η = (nδ, i) ∈ Δ̃im

+ . (9.24)

Since the elements of {Tw(Ĩi,n) ⊗ Tw(J̃i,n) | (i, n) ∈ ◦
I × N} are commutative with

each other, the imaginary part
(∏�̃

η∈Δ̃im
+

Θ�,η

)
of the product in (9.23) can be

written as ∏�̃

η∈Δ̃im
+

Θ�,η =
∏�

nδ∈Δim
+

r∏
i=1

Θ�,(nδ,i) =
∏�

nδ∈Δim
+

Θ�,nδ. (9.25)

Therefore the equality (9.20) follows from (9.22), (9.23), and (9.25).
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