A NEW DESCRIPTION OF
CONVEX BASES OF PBW TYPE FOR
UNTWISTED QUANTUM AFFINE ALGEBRAS

KEN ITO

ABSTRACT. In [8], we classified all “convex orders” on the positive root system
A of an arbitrary untwisted affine Lie algebra g and gave a concrete method
of constructing all convex orders on A_. The aim of this paper is to give a new
description of “convex bases” of PBW type of the positive subalgebra U,;r of
the quantum affine algebra Uq(g) by using the concrete method of constructing
all convex orders on Ay. Applying convex properties of the convex bases of
U; , for each convex order on A, we construct a pair of the dual bases of U;
and the negative subalgebra U, with respect to a g-analogue of the Killing
form.

1. INTRODUCTION

In the theory of quantum algebras, it is an important problem to construct the
dual bases of the positive subalgebra U;‘ and the negative subalgebra U, of the
quantum algebra U, with respect to the g-analogue of the Killing form which is
defined in [12] and [15]. For example, the dual bases of U, and U, were applied
to express the universal R-matrix and the extremal projector of U, in an explicit
formula ([12],[13]), and it is known that the dual bases are related to the canonical
bases of U or the global crystal bases of U, ([3]). The positive and negative
parts of the dual bases used to be constructed as a kind of Poincaré-Birkhoff-Witt
(PBW) type bases of U;‘ and U, respectively, and the both parts have several
convex properties concerning the g-commutator and the coproduct of U,;. We would
like to emphasis that the convex properties are useful for calculating values of the
¢-Killing form, so we call the positive or negative parts of the dual bases conver
bases of U;’ or U, respectively.

By the way, each convex basis of U(;r is formed by monomials in certain g-root
vectors F, with « positive roots multiplied in a predetermined total order on the
positive root system Ay of the underlying Lie algebra g. The total order on A
has several convex properties, so we call such a total order on A, “convex order”
on A,

In the case where g is an arbitrary finite dimensional simple Lie algebra, there
is a natural bijective mapping between the set of the convex orders on Ay and
the set of the reduced expressions of the longest element of the Weyl group, and
G. Lusztig constructed convex bases of U;’ associated with all reduced expressions
of the longest element of the Weyl group by using a braid group action on U,(g)
([14]). Therefore all convex bases of U had been constructed in the finite case.

1991 Mathematics Subject Classification. Primary 17B37, 17B67; Secondary 20F55.
Key words and phrases. quantum algebra, convex basis, convex order.

1



2 K. ITO

In the case where g is an arbitrary untwisted affine Lie algebra, in [2], J. Beck
constructed convex bases of U(;r associated with convex orders on A of a special
type. On the other hand, in [8], we classified all convex orders on Ay, and we
found out that there exist new types of convex orders on A, which was not used
in the Beck’s construction, and then we gave a concrete method of constructing all
convex orders on Ay for the untwisted affine case. So we think that it is natural to
extend the Beck’s construction of convex bases of U;’ by using the new knowledge
about convex orders on A .

In this article, we give a new description of convex bases of U, (;r for the quantum
affine algebra U,(g). More precisely, we construct convex bases of U, (;r by using the
concrete method of constructing all convex orders on A in the case where g is an
arbitrary untwisted affine Lie algebra.

We would like to explain more details of our results. Let g be an arbitrary
untwisted affine Lie algebra, i.e., the affine Lie algebra of type X,(,l), where X =
A,B,C,D,E,F,G. Let A be the root system of g, Il = {«; |i € I} the root basis,
and W = (s; |i € I) the Weyl group. Define A to be the positive root system with
respect to II, A’ the positive real root system, and AT the positive imaginary
root system. We call a total order < on a subset B C Ay a convex order on B if
the order < satisfies the following two conditions:

COG): (8,7) € BE\(AI")? B <7, f+7€B = B < f+7 <7;
CO(ii): peB, yeA \B, +7y€B = B < [B+1.
Here we write 80 < v if § =< v and § # . In addition, we denote by <°P the total
order on B defined by setting 3 < v < 3 = ~ for each pair (3,7) € B?, and

call <P the opposite of <. We also say that < is an opposite convex order if the
opposite <X°? is a convex order.

We put i :={1,---,r}. Then we can express the index set I of IT by I = {0} Hi,
and we may regard the subset I = {a;|i € i} of II as a root basis of the root
system & of the underlying Lie subalgebra E of type X Let KJF (resp. z,) be
the positive root system of A Wlth respect to H, and W = (s;|i¢€ i} C W the
Weyl group of g For each w € W, we set

[e]
Aw,£):={md+¢e|m € Z>p, € € WAL } N Ay,
where ¢ is the lowest positive imaginary root. Then we have

Ay = Aw, —) LAY T A(w, +).

For each subset J C i, we set 19[J ={a; | je T}, I/?/J =(s; |7 €J), E’J ={s;|j€

J}, &J = I/?/J (IOIJ) The set &J is a finite root system with 1913 a root basis. Then
we define naturally an untwisted “affinization” (II3, Wy, Sy, A%¢) of the quadruplet

(IQIJ,V([)/J,E*J,&J), where 1913 C Iy C A% C A and §J c Sy c Wy c W, and
introduce a “subroot system” Aj of A by setting Ay := A% I A®™. The sets Sy
and IIy are indexed by each other in such a way that S; = {so|a € II;} and
II; = {as|s € Sy}, where s, is the reflection with respect to a and a, = « if and
only if s = s, for a € II; and s € Sj. In the case where J # (), the pair (Wj, Sy)
is an infinite Coxeter group. We denote by s = (s(p))pen an infinite sequence
consisting of elements s(p) € Sy for p € N, and call such a sequence s an infinite
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reduced word of (Wy,Sy) if the length of the element s(1)s(2) - - - s(p) € Wj is p for
each p € N, and define W5 to be the subset of S consisting of all infinite reduced
words of (Wjy,Sy). For each s = (s(p))pen € W5°, we obtain an injective mapping
¢s: N — A% by setting

bs(p) :==s(1)- - s(p— 1)(048(;0))’

[e] [e]
and denote by #3°([s]) the image of the injective mapping ¢g. Let W /W 5 be the set
[e]
of the left cosets, and W7 the set of the minimal coset representatives of elements
of W/W3j. Then each element w € W can be uniquely written as w = w’w; with

w? € I/?/J and wy € V([)/J.
The following is a summary of the results of the paper [8].

Theorem 1.1. Let w be an arbitrary element of V([)/'

(1) Let =_ be an arbitrary convex order on A(w,—), <o an arbitrary total order
on AT, and =<4 an arbitrary opposite convez order on A(w,+). Then we can define
a convex order =X on Ay by extending <_, =0, =4 to on AL = A(w,—) 11 AT I
A(w,+) in such a way that

Aw,—) < AT < A(w, +).

Moreover, we can obtain every convex orders on AL by applying the procedure
above.

(2) For each positive integer n < r = lji and sequence Jo = (Jo,J1,...,J5)
consisting of subsets ofi such thati =Jg2J1 D 2 J, =0, there exist
Yo = (Y1, Yn) € Wy, X --- X W;, and s¢ = (S0,...,8n-1) € W5 X - x W° |
which satisfy

A(w7—) = Hgl:l’w‘]i_lyi_lé‘??_l([Si_l]), (11)

where yo := 1, and then we can define a convex order < on A(w,—) by applying the
following procedure Steps 1,2.
Step 1. For eachi=1,...,n, define a total order =; on the following set

Ri == w’ily; 1P ([si—1])
by setting
wh Tty 1¢s, , (p) =i W lyiids, (q)  for cach p < q.
Step 2. Define = by extending =1,...,=p to on A(w,—-) = I R; in such a way
that
R; < Ry for each i <1,

Conwversely, for each convex order on = on A(w,—), there exists a unique quadruplet
(n,Je,Ye, Se) which satisfies the condition (1.1) and the convexr order =< can be
constructed by the procedure Steps 1,2 above.
We remark that Theorem 1.1 gives a concrete method of constructing all convex
[e]
order on Ay, since A(w,+) = A(wwo,—) with w, the longest element of 1. For

each positive integer n < r = #I, we call the convex order on A(w,—) described
above that of n-row type.



4 K. ITO

We denote simply by U the quantized enveloping algebra U,(g) over Q(gq) for
an arbitrary affine Lie algebra g of type X,El), where X = A,B,C,D,E, F,G. For
each non-empty subset J C i, we introduce the Q(g)-subalgebra

Us = (Bo, KX, Fy | € TI)
of U with Aj the root system, which can be regarded as an untwisted “affiniza-

tion” of the Q(g)-subalgebra generated by {E., KX F,|a € 1‘01_]} Let Bw, =
(sTy | y € Wj) be the braid group associated with the Coxeter group (Wj, Sy). We
define an action of By, on the subalgebra Uy, i.e., we construct a group homomor-
phism By, — Aut(Uj), which is a natural generalization of the well-known braid
group action By — Aut(U) introduced by G. Lusztig. Let U™ be the positive sub-
algebra of U, i.e, the Q(q)-subalgebra generated by {E,|a € II}. Let A; be the
Q-subalgebra of Q(q) consisting of elements of Q(¢g) which have no pole at ¢ = 1,
and 4, U™ the A;-subalgebra of U generated by {E, |a € IT}.

The following is the main result of this paper, which is a part of the results of

Theorem 8.6 in the case where J =I.
Theorem 1.2. Let < be an arbitrary convexr order on Ay, and w € VC[)/' a unique
element such that
A(w, —) < AT < Aw, 4).
We define <_, <o, and =<4 to be the restriction of =< to on A(w,—), on Ai_m, and
on A(w, +), respectively, and define a total order =, on the following set
Aim = N T = { (ki) | k€N, i €T}
by setting
- ko Ko ifk#Kk
(ké,4) <o (K'6,i") = < . 50 Z,f ks
1< if k=K.
In addition, we define a total order < on the following set
Ay = AT TTAT = Afw, =) ITAT T A(w, +)
by extending <_, 507 and =4 such as
Aw,—) = AT 2 Agw, 4).

Let (n,Je,Ye, Se) be a unique quadruplet satisfying the condition (1.1) in Theorem
1.1 which corresponds to the convex order <_ on A(w,—). For each n € A(w,-),
we define a weight vector E<_,, € U" with weight n by setting

E<x =T33 3,1y (Es,_,(p)) (1.2)
in the case where 1 = w1y, _1¢s,_,(p) with i € N, and p € N. Here, Eg, () =
Ey if as,_, () = a €1l;,_,. In addition, for each n € Ay, we set

E<_ 4 if n € Aw,-),
E<, = Tu(Lix) ifn=(kéi)e A,
V(Exr ) if n€ Aw,+),
where <5 is the opposite order of =, Eji”m is defined by applying (1.2) for the
convex order jip on A(w,+), ¥ is a Q(q)-algebra anti-automorphism of U, and I;
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is a weight vector with weight kd for each (i,k) € i x N. Let E<(A+) be the set of
all monomials

Eglﬂll ;277]2 T g”:;]m
of the set {E< ., |n € Ay} multiplied in the order <, where m1 <1z < - -+ <1y, and
c = (c1,62,...,¢m) € (Z>0)™ with m € N arbitrary. Then the set EL(AL) is a
basis of the Q(q)-subalgebra U™ and of the Aj-subalgebra 4,Ut. Moreover, the
following equality holds:

(< s Bxclo = . heBZ, B2, - B

<m T =me =m
n=n1 <Mz < =<Mm <C
for each n,¢ € Ay satisfying n = ¢, where he € A1 and |, lq is the g-commutator.

We note that in [2] J. Beck constructed convex bases of UJ" associated with
convex orders =_ on A(1,-) of l-row type and opposite convex orders <, on
A(1,+) of 1-row type.

This paper is organized as follows. In section 2, we give notations and preliminary
results for the root system of the untwisted affine Lie algebra g. In section 3, we give
notations and preliminary results for reduced words of the Coxeter group (Wj, Sy)
and convex orders on the positive root system Aj,. In section 4, we give notations
and preliminary results for the quantum algebra. In section 5, we construct the
subalgebra Uy of U,(g) associated with A; and the braid group action on it. In
section 6, we define imaginary root vectors of U; . In section 7, we give several
tensor product decompositions of the positive subalgebra U;™ of U;. In section
8, we give a concrete method of constructing convex bases of U associated with
arbitrary convex orders on Ajy. In section 9, we construct the dual convex bases of
U™ and U~ with respect to the ¢-Killing form, and then present the multiplicative
formula for the R-matrix of U,(g) associated with an arbitrary convex order on
AJ’_.

2. NOTATIONS AND PRELIMINARY RESULTS FOR THE UNTWISTED AFFINE ROOT
SYSTEMS

Let Q, Z, and N be the set of the rational numbers, the integers, and the positive
integers, respectively, and let Z and Z_ be the set of the non-negative integers

and the non-positive integers, respectively, i.e., Zy = Z>¢ and Z_ = Z<g. We
denote by #S the cardinality of a set S, and write §5 = oo if S is an infinite set.
Let A = [Ajj]ijer be an arbitrary symmetrizable generalized Cartan matrix

with I an index set, and (d;);e1 be relatively prime positive integers such that the
matrix [d;A;;]; jer is symmetric. Let (h,I1,IIV) be a minimal realization of A over
Q, that is, a triplet consisting of a (§I + corankA)-dimensional vector space § over
Q and linearly independent subsets Il = {«; |7 € I} C h*, IIY = {o) |i € I} C b
satisfying (o, ;) = A;j for i, j € I. Here, b* is the dual space of h and the map
(-,): hxh* — Qs the canonical paring. Let g = (e;, h, fi |1 € I, h € h) be the Kac-
Moody Lie algebra associated with (h, I, TIV), A C h* \ {0} the root system, A"
(resp. A'™) the real (resp. imaginary) root system, and W = (s; |i € I) C GL(h*)
the Weyl group. Here, s; is the reflection with respect to «; acting on h* by
siA) = A= (o, Na; for A € h*. Set S := {s;|i € I} then the pair (W,S) is a
Coxeter system. Let £: W — Z be the length function of the Coxeter system. Let
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Ay (resp. A_) be the positive (resp. negative) root system with respect to the
root basis II, and set A% = A" N Ay and A7 = A™ N AL, We set

b = @ie1Qas, Q= ®ic1Zoy, Qi =) 1Zray,

P={Xxebh* | {(a/,\)€eZ (Viel)}.
Fix a subspace h”* C h* such that h* = h"™* @ h’*, and define a non-degenerate
symmetric bilinear form (- |-) on h* by setting

(al|>‘) = d1<01,:/,)\> (i617>‘6 h*)v ()\|‘LL) =0 ()\7,LL€ h,/*)'

Note that (o |a;) = d;A;j and (o |A) € Z for 4,5 € T and A € P. We denote
by O(h*) the orthogonal group with respect to the form (-|-). The reflection s, €

O(h*) with respect to v € A™ acts on h* by sq(A) = A — if‘lla)‘))a for A € h*. We
set

Aut(A):={p € O(h") |(A) = A}, Aut(A, D) := {¢ € Aut(A) [¢(IT) = IT},

and identify the group Aut(A,II) with a permutation group of I by p(i) = j if
plai) = aj for p € Aut(A,II) and i,j € I. Then ps; = s,;)p and ord(s;s;) =
ord(s,(i)5,(j)), Where ord(z) is the order of x.

Throughout this section from now on, we assume that A = [A;;]; jer is of the

untwisted affine type X,El), where r € N, X = A, B,...,G. In addition, we may

assume that I = {0,1,...,7} and [A;;] 3 is the Cartan matrix of the finite type
i

X, with I= {1,...,7}. We set

o o

II:={ai|i €1}, b*:=spangll, Q :=spangll,

W= (sili€l), A:=W(), A::=ANA:
Note that & is a root system of type X, with 19[ a root basis and I/f/’ the Weyl
group. Introduce an element )y of h* such that h* = b @ Q)\g, and define a

non-degenerate symmetric bilinear form (-|-) on h* by setting (o | ;) = d;A;j for
i,7 €I, (Ao o) = 0, and (a; | Ag) = dpdip for i € I. Denote by 6 the highest

]

positive root of A and set 6 := ag + 6. Then (6]0) = 0 and
A ={mé+e|meZ ecA}, A™={ms|meZ\{0}}.

Moreover, we see that the form (- | ) is positive-definite on h* and that the following
direct sum is an orthogonal decomposition:

b* = 5" @ (Q5 + Qo).
For each A € b*, we denote by A the image of A by the orthogonal projection onto
h*. Then each § € A can be uniquely written as = md + § with m € Z and
B € ATL{0}. For each X € h*, we define ¢, € GL(h*) by setting
(k) = p+ (] OX = {(|N) + (AN (k]6)}s  (u€b7),

which is called the translation with respect to A. Note that wty = t,,(yyw for w € I/f/’
and that t\(u) = u — (u|N)d for u € h’*. For each i € i, we set ¢y := (QL and

ilai)
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introduce an unique element ¢; € h* such that (¢;|a;) = d;; for all j € I. Note
that &; = > 'efAijgj' We set
j

Q=0 oLai, P'i=0 Lo, Ti={t|AeQ'}, Ti={tr|reP'}

Then T is a normal subgroup of W such that W = T x I/f/’ Let us denote the
extended Weyl group T % V([)/ by W. For each z € W, there exists an unique element
T € V([)/ such that # € Tz. The assignment x — T defines a group homomorphism
W I/f/’ Note that z(\) =z(\) and 5, = sg for z € W)\)\ € h™, and o € A",
We set Q@ := W N Aut(A,II). Then W =W x Q. Weset S:= S (Q\ {1}) and
extend the lengt\h function £: W — Z of the Coxeter system (W, S) to a Z-valued
function ¢ on W by setting ¢(xp) := ¢(x) for x € W and p € L.

For each subset J C i, we set
Iy :={aj|j€J}, bj:=spanglly; C h*, Q; :=spanylly,
Wii=(s;lied), A;=Wils), As+:=A;NA+.

Note that KJ is a root system with IOIJ a root basis and I/?/J the Weyl group if
J # (). We say that J is connected if &, is an irreducible root system and that a
subset J’ C i is disjointed with J if &J/ N 2.] = 0.

For each non-empty subset J C i, let J1,...,Jc(g) be the connected components
of J with C(J) the number of the connected components. Then

AJ = AJl H"'HAJC(J)

is the irreducible decomposition of KJ. For each ¢ =1,...,C(J), we denote by 05,

the highest positive root of Aj, relative to the basis IT;,, and set

1_[‘]c = HJUH{(S—GJU}, HJ = 1_[‘]1]r_["']r_[l_[‘]c(‘])7 SJ = {30,|OKEHJ}

For each element s € Sj, we denote by ay the unique element of IIy such that
$ = Sq4,. Let Wy be the subgroup of W generated by Sy, b5 the linear subspace of
h’* spanned by Iy, and Q; the sublattice of @ spanned by II; over Z. Note that

=@ Q0, Q; =Q; ®Z, and dim b =rank Q; = #J + 1. We set
A= {ae A" |T@e Ay}l Ayi= AFIIA™,
12 =AFNAL, Ay =ANAL Qi = Q5 NQx.

Proposition 2.1 ([7]). For each non-empty subset J C i, the pair (Wy,Sy) is a
Cozxeter group with (b5, Az, II3) a root system, namely the triplet has the following
properties (1)—(iv):

(i) the b is a representation space of Wy over Q and the Ay is a subset of b
such that Ay = —Aj; and Az \ {0} is Wi-invariant.

(ii) the IIy = {as|s € Sy} is a subset of A; such that each element oo € Aj
can be written as ESES asas with either ags € Zy for all s € S or as € Z_ for
all s € S, but not in both ways. Accordingly, we write a > 0 or a < 0 and set
Ajy ={acAs|la>0} and Aj_ :={a € Aj|a<0}.
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(iii) for each s € S, the equalities s(as) = —as and s(Ayp \{as}) = Ay \{as}
hold.
(iv) if w € Wy and s, s’ € Sy satisfy w(ay) = as, then ws'w™! = s.

Remark 2.2. The action of W3 on b5 is faithful, and hence we may identify W
with a subgroup of O(h7). Here,

O(hy) = { & € GL(bT) | (6(N) [ ¢(1)) = (Alp) (A, e by)}
Let £5: Wy — Z4 be the length function of the Coxeter group (Wj, Sy). We set
QY = jeaZa;,  Ti={t|A€Q}.
Then Ty is a normal subgroup of Wy such that Wy = Ty % V?/J. We set
]%X ‘= ®jesle;, Ty:={tr| A€ 13} Y, Wy =Ty x Wi C o(b5).

For each K C J, let V<[)/’J/V([)/'K be the set of the left cosets, and V?/'f,‘ the set of the
minimal coset representatives of elements of I/?/ 3/ I/?/K. IfJ= i we denote it simply
by K. Note that

V?/JK:{MEI;{/J|W(OZ]§)>O forall ke K}

[e]
and that each element w € Wy can be uniquely written as w = w¥wg with
[e] [e]
w¥ € W¥ and wx € Wk, where w¥ is a unique element of the smallest length in

the right coset wI/?/K. For each K C J, we set
A¥ = As\ Ak, A= A¥N AL
In addition, for each w € V([)/J, we set
AX(w,+) = {a € AT | G € wAk, }.

We denote it simply by Aj(w,+) if K = 0, by A¥(w,+) if J = i, and by A(w,+) if
both K = § and J = I. Note that

Agy =Ag(w, ) IAT T A (w,+),  Ay(w,+) = Ay(wwo, -), (2.1)
where w, is the longest element of V([)/ 3-
Definition 2.3. We define 7~3J and Pj to be the following sets:
Pyo={uy) | KCT ueWs, ye Wk}, Pyi={(Kuy) cPs;|KCJI}
For each y € WJ, we set
B5(y) = {a €Ay |y H(a) € Ay}
For each (k,u,y) € ’ﬁJ, we define a subset V;(x,u,y) C A} by setting
Vi, uy) i= AF (v, -) TTux(y).
Note that Vj(x,u,y) = @;5(y) if K =J and that V;(x,u,y) = Aj(u, —) if K = 0.
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We call a subset B C Aji a biconvex set in A4 if it satisfies the following
conditions:

C@Hi) B,v€B, B+y€lA;y = B+vEDB;
C(ll) 6,’Y€AJ+\B, 6+’Y€A3+:ﬂ+’y€AJ+\B

If, in addition, B is a subset of the set A}%, then B is called a real biconvez set in
Ajy. Let B; be the set of all finite biconvex sets in Ajy, and BJ° to be the set of
all infinite real biconvex sets in Ayy. We set 8% := B; LI BP.

In the case where J = i, we will denote the symbols above more simply by

removing J from them.

Theorem 2.4 ([7]). For each non-empty subset J C i, the assignment (K, u,y) —
Vi(k,uy) defines a bijective mapping from Py to B, which maps Py onto BI°.

For each non-empty subset J C i, we set
Aut(Ay) = {¢ € O(hY) | ¢(As) = Ay },
Aut(AJ,H_]) = {¢ S Aut(A_]) | ¢(HJ) = H_] }
For each K C J, we set

Aut(Ag)% := { ¢ € Aut(Ay) | o(TTx) C Agy },
WE =Wy NAuwt(A)X, WK :=W; N Aut(A;)¥.
Note that Aut(Ay,IIy) C Aut(Ay)?. In addition, we set
Qy = WJ N Aut(Ay, Iy).
Then
W; = Wy x Q5 C Aut(Ay). (2.2)

Let (;: Wy — Z, be the extended length function defined by setting £5(xp) := £3(x)
for each x € W and p € ;. We note that £;(y) = @5(y) for all y € Wj.

Proposition 2.5 ([9]). For each connected subset J C i, the assignment
J = paj = te,wojwo (2.3)
defines a bijective mapping from the set J. := {j € J|(g;|60;5) = 1} to Q5 \ {1}.

Here, wo and wo; are the longest elements of V([)/'J and V([)/'J\{j}, respectively. More-
over, the condition that p(§ — 6;5) = a; for p € Q3 \ {1} and j € J is equivalent to
the condition that p = py; with j € J,.

Proof. Although the setting of Proposition 1.18 in [9] is different from that of this
case, the proof can be applied to this case by modifying suitably. O
Lemma 2.6. LetJ be an arbitrary connected subset ofi, and K an arbitrary subset
of J. Then each ¢ € Aut(A;) can be uniquely written as ¢ = ¥ i with ¢* €
Aut(AJ)K and (bK S V?/K-

Proof. We first prove the uniqueness. Suppose that ¢ = a¥ax = b¥bx with
a®,b% € Aut(A;)¥ and ak, bk € Wk. Then a¥ = b¥bgag'. Since a¥ € Aut(Ay)¥

o
and bKaI}1 € Wy, we have bKaI_<1 =1, hence bx = ax and b¥ = a¥. We next prove
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the existence. By Corollary 3.10 in [11], the ¢ can be uniquely written as opz with
o= =1, p € Aut(A;,11;), and z € W;. Moreover, we see that z can be uniquely

written as zy with x € WK and y € Vc[)/’K. Hence ¢ = opxy. In the case where
o =1, put ¢¥ = pz and ¢k = y. Then ¢ = ¢¥px with ¢¥ € Aut(A;)¥ and

ok € I/?/K. In the case where 0 = —1, put ¢¥ = —prw, and ¢x = woy, where
wo is the longest element of Wk. Then ¢ = ¢¥¢x with ¢¥ € Aut(A;)¥ and
¢k € Wk- O

Lemma 2.7. LetJ and J' be connected subsets ofi which are disjointed with each
other.

(1) For each j € J., there exists a unique element wy; € I/?/J such that

te,

by = PIjWaj- (2.4)
Moreover, the following equalities hold:

(i) paj = (te;)’

Here, (tc.)? € WY and (te;)s € VCI)/J are unique elements such thatt.; = (tc;) (tc;)s,

J

by (i) wyj = (te;)s = wowo;. (2.5)

and wo and wo; are the longest elements of I/(I)/J and I/f/J\{j} respectively.

(2) For each i € i\J, z € I/?/J/, and j' € J., the following equalities hold:

(i) [(tsj)Ja t&:] =0, (ii) [(tEj)J Z] =0, (iii) [(tsj)Jv (tEj/)Jl] =0. (2'6)

Here, [ , ] is the commutator, i.e., [a,b] = ab — ba. Moreover,

U(te,)te,) = 0(t,)) + L=, (2.7)
U(te))2) = £(t2,)") + €(2), 2.8
(1, (1)) = 01 + €t ). (2.9)

(3) For each j € J, and 8 € Ay, the equality (t;)’(3) = B holds.
(4) For each j € J, the element (t.;)" satisfies the following equalities:

P((te,;)’) € AM(1,-), (2.10)
D(te,) N Ay = (te,) D(wy,), (2.11)
(te,)’ AT(1,-) € A1, -). (2.12)

Moreover, £((t;)") = 0 if and only if J = I.
(5) For each j € J., there exists a unique element j= € J. such that
(i) psjlaj-)=0—0;5, (i) ps;- = (ij)_l- (2.13)

In addition, (ps;)* = 1 if and only if 5= = j. Moreover, the following equalities
hold:

(te; )7 8- (te, )y = s6-6s,
B((t.,)s5- (-, V)N Ay = 15— 03},
D((te,)"s5- (te, JINAS =65} € AV, -,
((t;) 55 (b, )7) = €((te;)") + 1+ (¢, )).
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Proof. Let us prove the part (1). Set wj; = wow,;. Then wy; € V([)/'J. By
Proposition 2.5, we have t. |p- = psjwy;. On the other hand, by Lemma 2.6,
we have t., = (t;;)?(tc;)s with (t;)? € W7 and (te;)s € I/?/J. It follows that
te;loy = (te;) |y (te;)s. Hence (2.5) follows from Lemma 2.6. The uniqueness of
the decomposition (2.4) follows from (2.5).

Let us prove the part (2). By the part (1), we have (t.,)? = t., w;jl. It is clear
that [t. ,t.,] = [w;jl,tgi] = 0, which implies (2.6)(i). Since (g;]| @) = 0 for all

o € ﬁy, we have [t.;,5,] = 0. Since w;; € Vf/.h we see that [w;jl, Sq) = 0 for all
a € 19[Jl. Thus we get [(tc,)”, 54] = 0 for all o € ﬁy, which implies (2.6)(ii). Since
(tej/)J’ =te,, w;,}, with wy/j» € V?/J/, (iii) follows from (i) and (ii).

It is clear that £((tc;)"t:,) < €((te;)?) + £(tc,). Since [wyj,te,] = 0 we have
te;te, = (te;)’te,wyj, and hence

Z(tfjtfi) < g((tEJ)JtEi) + Z(ij)'
On the other hand, we have
B(tejtei) = g(téj) + e(t&i) = {E((taj)J) + ﬁ(ij)} + f(t€7)
Thus we get £((te,)”) + £(te,) < €((te;)’te, ), which implies (2.7). The (2.8) is clear.
It is easy to see that
B((tej )Jtsj/) < g((téj).](téj/).]/) + e(wJ'j')'
From (2.7) and (2.8), it follows that
O((te,) e, ) = 0((te,)") + U(te,)™) + L(wyrjr).

Thus we get that £((tc,;)”) +£((t€j,)"') < Z((tgj)“'(tgj/)‘]'), which implies (2.9), since
(e, ) (b)) < L((E,)T) + L((E, ).

Let us prove the part (3). Since ., () =  and w;;(8) = 3, we have (t.;)?(8) =
tij_;jl(ﬁ) = B

Let us prove the part (4). It is easy to see that

B(te,) = D((te,)”) U (te, )’ P(wy;) C A1, -). (2.18)

By (2.7), we have ®((tc,;)”") N A;1 = 0, hence we get (2.10) and (2.11) follow by
(2.18). Since both t., and wJ_j1 stabilize A’(1,-), the product (t,)’ = tijJ_j1

stabilizes A”(1,-). We see that &(t.,) N AY(1,—) = () if and only if J = i, hence the
second assertion follows from (2.11) and (2.18).

Let us prove the part (5). By Proposition 2.5, there exists a unique element
j~ € J. satisfying (2.13). Suppose that (ps;)? = 1, ie., (ps;)”' = pyj. By
(2.13)(ii) and Proposition 2.5 we get j~ = j. Suppose that j— = j. Then, by
(2.13)(ii) we get ps; = (psj) 71, ie., (p3;)? = 1. By (2.5)(i) and (2.13)(ii), we see
that

(tgj)“'sj_(tsr)J by = P3j i-(psj) ™t (2.19)
Since 0 — 03 = pyj(a;-), we have

P3jSj= (PJJ)_1(5 —03) =—(0—0s). (2.20)



12 K. ITO

Since (aj- |aj-) = (6 — 656 — 0;) and ((ps;) () |a;-) = (a; |6 — b;) for all
i € J, we have
- (pag) ™ (00) = (o)™ o) = G Pt o
which implies
s (1) ) = q — 2eild=b) (5 gy _ . 291
PajS; (PJJ) (i) = a; (5_9J|5_9J)( 3) = s5-05(vi). (2.21)
Therefore (2.14) follows from (2.19)(2.20)(2.21).
By (2.10), we see that

si-0((t=,_)") € AT, -), (2.22)
sy (-, )*) = {ay- } 15, @((t.,_)7), (2.23)
since s;- A7(1,—) C A’(1,-). By (2.12) and (2.22), we have
(te;)s;-2((t=, )") € A1, -). (2.24)
By (2.23)(2.24) and the equality (t,)” (a;-) = d — 05, we have
B((te, 5 (0o, ') = B((t,)*) IO — O} T (1, s, B((t, ). (226)
Therefore (2.15), (2:16), and (2.17) follow from (2.10)(2.24)(2.25). O

Lemma 2.8. Let us use the notations as in Proposition 2.5. Assume that J is a

connected subset ofi with $J > 2 and that an element j € J. satisfies (py;)* = 1.
Then there exist distinct elements i,i’ € I and an element z € W satisfying ®(z) C
A, -), o = z(w), and 6 — 05 = z(ay).

Proof. Let B be the subset of A(1,—) consisting of all § such that
B+ +- 4o, =0—0; (2.26)

for some sequence (i1, ...,14,) consisting of elements of i with n € N. Then, it is
easy to see that both B and B’ = BII {0 — 03} are finite biconvex sets. Hence,
there exist unique z € W and 7’ € I such that B = @(z) and § — 85 = z(ay/) by
Theorem 2.4. We next show that

$;j(6 = 03) =6 — 0y, (2.27)
s;(B) = B. (2.28)

By the assumption of the Lemma and the extended Dynkin diagram of & j, We see
that (0 — 03| ;) = 0, which implies (2.27). Let § be an arbitrary element of B. To
prove (2.28), it suffices to show that B includes the a;-string through 8. Since ¢
is not a short root, we see that the length of the a;-string through f is less than 2.
If the length is 1, there is nothing to prove. Suppose that the length is 2. In the
case where s;(0) = 8 — ¢, we see that s;(5) € A(1,-) and

Sj(ﬁ)+aj+(ai1 +"'+ain):6_0.1a

which implies s;(8) € B. In the case where s;(3) = 8 + o, we see that j = iy
for some 1 < k < n. Indeed, if j # i for all 1 < k < n, then we see that
B+ (a;, +--+a;,) +ma; = — 05 for some m > 1 by applying s; to the equality
(2.26). Here we use (2.27). This contradicts to (2.26). Hence, j = 45 for some
1 < k < n. Thus we see that

Sj(ﬁ)+(a11++a7,k71 +azk+1++azﬂ):5_9.]
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with s;(8) € A(1,-). Here we have n > 2. Indeed, if n = 1 then s;(8) = § — 65,
which contradicts to (2.27). Thus we get s;(8) € B.
By (2.28) and the equality B = &(z), we have

D(s;z) ={a;} L s;P(z) = {o; } L P(2). (2.29)

Since &(z) C P(s;2) and #{P(s;2) \ P(2)} = 1, we see that
D(s;z) = P(2) I z{a;} = P(zs;). (2.30)
for some unique 7 € I. By (2.29)(2.30), we get a; = z(o;). O

3. NOTATIONS AND PRELIMINARY RESULTS FOR REDUCED WORDS AND CONVEX
ORDERS

Throughout this section, we assume that g is the affine Kac-Moody Lie algebra
of the type xM (X =A,B,C,D,E,F,G) with A the root system.

We denote by N, the set {m € N|m < n} for each n € N, and set N, := N
and N, := NII {oco}, where co is a symbol. We extend the usual order < on N to a
total order on N, by setting n < oo for each n € N. We also set co+n =n+ 0o =
oon = noo = oo for each n € N,.

For each non-empty subset J of i, we set

cJ)

§J =S, I (Q\{1}) = H (S5, Qs \{1}).

c=1
For each n € N,, we denote a sequence consisting of elements s(p) € §J with
p € N, by s = (s(»))pen,,, and denote the set of such all sequences by §§ For
each s € §§I and m € N,,, we define a sequence s|,, € §§I" by setting s|..(p) := s(p)
for each p € N, and call the sequence s|,, the initial m-section of s. Let {s,}pen
be a family of finite sequences of elements of Sy such that Sp is the initial my,-
section of s,41 with m, < my41 for each p € N. Then we see that there exists a

unique infinite sequence so, of elements of Sy such that sp is the initial myp-section
of s for each p € N, and denote by lim, . s, the infinite sequence s.,. For

cach s € Sy and s € 511\{"' with n < oo and n’ € N,, we define a sequence
AN'IL 'VL/ M
ss' = (88'(p))pen,,,,, € S;""" Dby setting
ss'(p) :=s(p) for p <n, ss'(p):=8'(p—n) forn+1<p.

The product ss’ satisfies the associative law: (ss’)s” = s(s's") for s € SN,
s e SN, 8" € SNw with n,n’ < oco. Therefore, the product s;---8, 18, is
defined naturally for each family {s1,...,sp—1, Sp} of sequences of elements of S;
such that s; for i € N,,_; are finite sequences.

For each s € §JN with 7 < oo, we define an element [s] of W; by setting
[s] == s(1)s(2) - s(n).
For each n € N, we call an element s € §§ a reduced word of (WJ, §J) if
Ci([s1p-1]) < Ls([s1])

for all p € N,,. Here, {5: /WJ — Zy is the extended length function.
For each reduced word s = (s(»))pen, of (Wj,Ss) with n € N, we set

s71Sy):={peN, |spcSs}, ly(s) == ts1(Sy),
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and call the non-negative integer ¢;(s) the length of s. We denote by W}’ the set
of all reduced words with length n and set 17\/\3 = HneNWJ” and Wi = 17\/\3 11 17\/\3”
We call an element of Wy (resp. 17\/\3”) a finite reduced word (resp. an infinite
reduced word) of (WJ, §J) For each n € N,, we denote by W7 the subset of W}L
which consists of elements s € W}L such that s(p) € Sy for all p € N,,, and call
an element s € WY a reduced word of (Wj,Sy). We set Wy := I,,enW5y and
Wy = Wi IIWS°, and call an element of Wy (resp. W5°) a finite reduced word
(resp. an infinite reduced word) of (Wj, Sy).

For each reduced word s € 17\/\}‘, an injective mapping ¢s: Nyg) — ALY is defined
by setting

¢s(p) = [81uir-1)(@s(r(p))

for each p € N, where the x is a unique strictly increasing function x: Nyg) — N
such that the image of k equals to s7!(S;), i.e., Im(k) = s71(S5). We denote
by @ﬁ(s)(s) the image of the injective mapping ¢s. Note that if £(s) < oo then
03 (5) = @4([s)). N

For a pair (s, ') of elements of W$°, we write s ~ s if for each (p, q) € N? there
exists (po, qo) € Z>p X Z>q such that

G([sll 7 s me)) =po—p0 La([8"] 7 [S10)) = q0 — @
Then we see that ~ is an equivalence relation on 17\/\3” (cf. [7]). We denote by
Wf" the quotient set of WJOO relative to the equivalence relation ~, and by [s] the
coset, containing s € Wf,x’ Let W5° be the image of W$® by the canonical mapping
WJOO — Wf" Then we can easily show that Wy° = /Wfo Moreover, we see that
s ~ s if and only if #5°(s) = P°(s’) (cf. [7]). Hence we may denote by &5°([s])
the set P°(s).

In the case where J = i, we will denote the symbols above more simply by
removing J from them.

Theorem 3.1 ([7]). For each non-empty subset J C i, let &% be the mapping from
Wy to 8% defined by setting
P([s]) == Ps([s]) forse Wy,  Di([s]) :=PF([s]) forseW5*.

Then @3 is a bijective mapping from W5 to B%, which maps W35 onto B°.
Definition 3.2. Let < be a total order on a subset B of Aj;. We say that < is a
convez order on B if it satisfies the following conditions:

COG) (B,7) € BE\(AT)?, B <7, B+yeB = < B+7 <7;

CO(ii) feB, y€As4+\B, f+7€B = [ < [B+7.
Here we write 8 < v if 8 < v and 3 # . We denote by <° the total order on
B defined by setting 3 <P v < 3 = v for each pair (3,v) € B?, and call <°? the
opposite of <. We also say that < is an opposite convex order if the opposite <°P

is a convex order.
For subsets C and D of B, we write C < D if ¢ < d for all pair (¢,d) € C x D.

For each non-empty subset J C I, we set

anZ{K.:(KQ,Kl,,Kn)|J:K02K12QKn:@}
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We note that if n > #J then C,J = 0, and set

#J
cy:=J]c.J
n=1

For each n € Ny and K, € C,,J, we set
Wk, = Wk, x - x Wk,, W, =W X xWg .

Denote an element (y1,...,yn) € Wk, by ye, and an element (so,...,s,-1) € W,
by Se. Note that Wy, = {1} and y,, = 1 for each K, € C,,J and y, € Wk, .

Theorem 3.3 ([8]). Let J be an arbitrary non-empty subset of i, and w an arbi-

trary element of V?/'J.

(1) Let <_ be an arbitrary convez order on Ajz(w,—), 3¢ an arbitrary total order
on AT, and =<4 an arbitrary opposite convexr order on Aj(w,+). We can define
a convex order = on Ay; by extending <_, <o, =4 to Ay = Ay(w,—) LAY 11
Aj(w,+) in such a way that

As(w,—) = AV < Aj(w, +).

Moreover, we can obtain every convex orders on Ajyy by applying the procedure
above.

(2) For each n € Nyy and Ko € CJ, there exists (Yo, 8s) € Wk, x Wi, such
that

Ag(w,—) = G 0™ty 1 0%, ([si-1]), (3.1)
C; = H;'»:lej‘lyj_ldi‘f{OFI([sj_l]) € B foreachl< i<, (3.2)

where yo := 1. Then we can define a conver order < on Ajz(w,—) by applying the
following procedure Steps 1,2.
Step 1. For eachi=1,...,n, define a total order <; on the following set

Ri = wKi_lyi—lds?Fl([si—l])
by setting
Wy s, (p) i wNTyiads, ,(q)  for each p < g.

Step 2. Define < by extending =1,..., =2y to Aj(w,—) = 7| R; in such a way

that
R; < Ry for each i <7,

Moreover, we can obtain every convex orders on Ajz(w,—) by applying the procedure
above.
Remark 3.4. (1) Theorem 8.3 gives a concrete method of constructing all convex
order on Ay, since Aj(w,+) = Aj(wwo, —) with w, the longest element of I/(I)/'J.

(2) For each n € Nyj, we call the convex order on Az(w,—) described above that
of n-row type.
Definition 3.5. Let us use the notations as in Proposition 2.5 and Lemma 2.7(5).

From now on, we often denote the translation ¢.; (j € I) simply by ¢; if there is no
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fear of misunderstanding. Let J be an arbitrary non-empty subset of I. For each
s € Sy, we define an element s € W by setting

(€)% if s=py,;withe=1,...,¢J) and j € Jes,
5:=14s; if s =s; with j € J, (3.3)
(gj.)es;-(e;-)7¢ if s =859, withc=1,...,C(),
where we fix an elemeﬁ of jo € Jei for each ¢ = 1,...,C(J). For each p € Qj, we
define an element p € W by setting
p= 1125 pe, (3.4)

where p = Hffl) pe with p. € Qj_, and if p. = 1 then we set p, := 1.

For each s € §J, we fix a finite reduced word 7, = (r4(p))peny, € W such that
[rs] = s, where rs(p) € S for all p € Ny,. For each s = (s(p))pen, € Wj‘ with
n € N,, we define a sequence s = (3(p))pen, € S7 with 71 € N, by setting

3= 7?317'82 e Tsy, lf n < oo, (35)
hHlp_>oo 7"817"82 ...rr-sp lfn: 0,
where s, := s(p) for each p € N,,. Here,
~ N + Ngy +---+ N, ifn <oo,
n:=
0 if n = co.
Note that for each p € N,,,
[sT,] = s()s@) - S (3.6)

Lemma 3.6. (1) The sequence s = (5(p))pen, defined in Definition 3.5 is an el-
ement of W* such that ¢z 0 [ = ¢s for some unique strictly increasing function
f: Nysy — N. In particular, s € W if and only if s € WJOO Moreover, the
following equalities hold:

[sTo]loy = [s1.]; (3.7)
[sl,] AM(1,-) € AT, -), (3.8)
P([s1,]) N Agy = Dy([s1,]), (3.9)
P([s1)) \ Pa([s1:]) € A1, -), (3.10)
U([s1]) = 25— (s) (3.11)
for all p € N,,. In particular,

*([s]) N Asy = P5([s]), (3.12)
o ([3]) \ 23([s]) € A7 (1, -). (3.13)

(2) If s € 17\7\3’0, then 3 € W™ with the following equality:
> ([8]) = @5°([s) LA (1, -). (3.14)

Proof. Let us prove the part (1). The (3.7) follows from (2.14). By (2.12), we see
that smAT(1,-) C AT(1,-) for all k € N,,. Thus, by (3.6) we get (3.8). By (2.10),
(2.15), and (2.16), we have

D(s(m) N Ayy = Py (sw)), D(5(m) \ Ds(sm)) C AV (1,-). (3.15)
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By (3.6)(3.7)(3.8) and (3.15), we have
P([s1,]) = [Tiz [516 1)@ (s0), (3.16)

where [s],] = 1. Therefore we see that (3.11) holds and the sequence § is an element
of W* satisfying (3.9) and (3.10). It is easy to see that &*([s]) = Upen, P([sT,])-
Hence (3.9) and (3.10) imply (3.12) and (3.13). By (3.7), (3.16), and the left
equation in (3.15), we see that there exists a unique strictly increasing function
J: Nysy — N such that ¢z o f = ¢s.

Let us prove the part (2). By the part (1), the s is an element of W. In the
case where J = i, we see that AY(1,—) = () and 3 = s, and hence the equality

(3.14) is valid. Suppose that J is a proper subset of I By (3.12) and (3.13), and
Theorem 3.1, we see that the set @°°([s]) is an infinite real biconvex set such that
&=([s]) N Azr = $5°([s]) and the set ¢>°([s]) \ $5°([s]) is an infinite subset of
A7(1,-), which implies the equality (3.14) by Theorem 2.4. O

For each B € 87, we set
Wy(B) = {y € Ws | &5(y) C B}, Wi(B):=Ws(B)NW;. (3.17)

Lemma 3.7. (1) Let B be a real biconvez set in Az4. Then, for each pair (y1,y2) €
WJ (B)?, there exists an element y3 € WJ (B) such that @3(y1) UPs(y2) C P3(ys).

(2) Suppose that a subsetY C WJ satisfies the condition: for each pair (y1,y2) €
Y2, there exists an element y3 € Y such that @5(y1) U P5(y2) C P5(y3). Then the
set @3(Y) below is a real biconver set in Ajyy:

@;(Y) = @s(v)- (3.18)
yey

Proof. We prove the part (1). By Theorem 3.1, we have B = @%([s]) for some s €
W5, hence B = Uf)(zsl)@J([S\p]). Since @3(y1) U P;(y2) is a finite set and P;([s],])

?;([s1,]) for p < p’, we see that P5(y1) U P3(y2) C Ps([s1,]) for some py € Ny(g.
We prove the part (2). Suppose that 8,7 € @5(Y) satisty 0+ v € Aj+. By
the assumption of Y, we may assume that 3,7 € ®;(y) for some y € Y. Then
B+7 € $3(y), hence f+v € P3(Y). It is clear that A;\P3(Y) = Nyey {A;\P3(v)}.
Suppose that 8,7 € Ay \ ®;(Y) satisfy 5+~ € Aj;. Then 8,7 € A;\ P;(y) for all
y € Y. It follows that 8+~ € A;\P;3(y) for ally € Y, hence 8+ € A;\P3(Y). O

Proposition 3.8. We use the notations introduced in Definition 2.3 and Definition
3.5. Let (3,u,y) be an arbitrary element of P. Suppose that ¢ € ]ODV satisfies
(elai) >0 foralli € i\J and (e|a;) =0 for all j € J and that s € Wy satisfies
[s] =y. Then we have
V,uy) = | S(ufE]r). (3.19)
n>0

Proof. Set B = U,>o®@([s]tZ). By the assumption of ¢, we see that U,>oP(tF) =
A7(1,-). Hence, by (3.8) and Lemma 2.3(2) in [7], we see that &([s]t?) = &([s]) I
[s]@(tl) for all n > 0. Thus, by Lemma 3.7(2), we see that B is an infinite real
biconvex set such that

B = (3]) I [3]A (1, -).
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Hence, by (3.8)(3.9)(3.10) we have BN A;4 = &;(y) and B\ &;(y) C AT, -).
Since A7(1,-)\ [8]AY(1, -) is a finite set, we see that A7(1,—)\ B is a finite set. By

Theorem 2.4, we get B = @;5(y) LI A(1,-). Since u € 7 we see that D(u[s]tl) =
&(u) Hud([s]t?) for all n > 0, which implies that
Unz0@(u[s]t?) = (u) M u Upn>o O([s]t7)
= @(u) T uB = uPy(y) 1 A (u, ) = V(3,u,y).
O

Lemma 3.9. Let J and K be connected subsets ofi such that K C J, and k an
element of K. Suppose that [s] = t, with s € Wy, and denote the elements [s]
and t., of W uniquely by [3] = [5]%[3]k and t., = (t.,)<(tc, )k with [3]< € WX,
(te,)¥ € /WK, [s]k € I/?/K, and (t., )k € VCI)/K. Then the following equalities hold:

() 8%l = (te)lpe, (i) [k = (te)x (3.20)

Proof. By (3.7), we have [s][gr+ = tc, [y, hence [8][pz = tc, 5y since b C b
On the other hand, we see that [8][g; = [8]" [y [8]k and tc, [prr = (te, )% [ppz (te) ) k-
Therefore (3.20) follows from Lemma 2.6. O

4. NOTATIONS AND PRELIMINARY RESULTS FOR Uq

In this section, we prepare notations for the quantized enveloping algebra Uy, (g)
associated with the symmetrizable Kac-Moody Lie algebras g.
For each n € N, we define [n], [n]:!, (n):, (n),! € Z[t,t~1] by setting

e ===, [l = Tho ke ()= S=E ()= TTim (),

and set [O}t = (O)t = [O]t' = (O)t' = 1.

We assume that ¢ is an indeterminate over Q. Let Q(q) be the field of rational
functions of ¢ with coefficients in Q. Let U = U,(g) be the quantized enveloping
algebra over Q(q) of the symmetrizable Kac-Moody Lie algebras g, that is, the
associative Q(q)-algebra U with the unit 1 defined by the generators {E;, F;|i €
I} {K | A € P} and the following fundamental relations:

KoK, = Kz Ko=1, (4.1)
K\E K ' =¢“VE;, K\FK'=q“VE, (4.2)
(B, Fy] = 65 (K — K, Y) /(g —q; "),
1=Ai 1—Aqj

(PR B ED = 3T ()R EREY =0 (i 45), (4.4)
k=0 k=0

where ¢; := ¢%, K; = K,,, Ei(k) = E¥/[k),!, and Fi(k) = FF/[k],!. The rela-
tions (4.4) is called the quantum Serre relations. Let U’ be the Q(g)-subalgebra
of U generated by {E;, F;, KX'|i € T}, Ut the Q(g)-subalgebra of U generated
by {E;|i € I}, U~ the Q(g)-subalgebra of U generated by {F;|i € I}, and U°
the Q(g)-subalgebra of U generated by {K | A € P}. The multiplication mapping
defines the following isomorphism of Q(g)-vector spaces:

UtoU'@U U, 20y® 2z zyz. (4.5)
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We define UZ? and U=? to be the images of Ut @ U? and U° ® U~ by the mapping
(4.5), respectively. It is clear that both U=? and U<" are Q(q)-subalgebras of U.
Let 2: U — U be a Q-algebra anti-automorphism such that

AE) = F, QF)=E, QK=K 20q=q" (4.6)
Let ¥: U — U be a Q(g)-algebra anti-automorphism such that
U(E) =E;, U(F)=F, U(K,)=K" (4.7)
Note that both 2 and @ stabilize U’ and that the following equalities hold:
2% =% =idy, [2,d]=0. (4.8)

For each ;1 € Q, the weight space U, of U with p weight is defined by setting
U, :={uelU|KwuK;*=q¢"Muy (YA€ P)}. (4.9)

Then UpU,, C Uxq, for A, p € @ and the following weight space decomposition of
U holds:

U= ,cqU,. (4.10)

We call a non-zero element u of U, a weight vector with weight y and set wt(u) := p.
In addition, for each p € Q4, we set

Ul =u,nU*, UZ,=U_,nU", U2 :=UU" U=):=U_,U° (4.11)
Then the following weight space decompositions hold:

Ut = @/LEQ+U:) U™ = @/LEQ+U:H) UZO = EBHEQ+UZO USO = EBHEQ+U§3-

a (412)
For each p,v € Q, uw € Uy, v € U, we set
[u, v]g := v — ¢Hvu, (4.13)
and define a Q(g)-bilinear mapping [ , |q: U x U — U by setting
(@,9) = [2,9lg = 2, veqlu vulas (4.14)
where v = 3 oz, (xp € Up), y =3, cqYu (zu € Uy). The mapping [ , g is

called the g-commutator or the g-bracket. For each x € U, we define a Q(g)-linear
mapping adsz: U — U by setting

(adqz).y = [2,y]q. (4.15)
For each o, 8 € A(a # ), © € Uy, y € Ug, and n € Zy, we see that

n

1 n—
Hadgw)"y =Y (—1)Fga" T A g Ry ®), (4.16)
[n]q.! k=0
where A, := % €Z, qo = q /2 and 2 .= 2F /[k],.!. Here we set
n 1 n
(adyz)™ .y = W(adqx) Y. (4.17)
e

Note that the quantum Serre relations (4.4) can be written as

(adyF;) 329 B; = (ad,Fy) Y49 F; =0 (i # §).
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The braid group By = (T;|i € I) associated with the Weyl group W acts on U
as a group of Q(g)-algebra automorphisms of U via

Ti(E;) = —FKi, Ti(E;) = (adyE) ") By (i # j5), (4.18)

Ti(F;) = —K;'Ei, T(Fy) = ATi(Ey)) (i # ), (4.19)

Ti(Kx) = Ks,0) = oV el (4.20)
where 4,5 € I, A € P (cf. [14]). Note that the following equalities hold:

QT; = T,02, LY =T," (4.21)
as automorphisms of U and that the subalgebra U’ is stable under the action of
Bw on U and the action is faithful. For each x € W, we set

T, =11, ---T;,, (4.22)
where & = $;,8;, - - 8;, with n = ¢(x) and 41,142,...,i, € I is a reduced expression
of x. The T, does not depend on reduced expressions of x.

Lemma 4.1 ([14]). For each i € I and integrable U-module M, define the Z-
gradation M = @pezMT by setting M = {m € M|K;.m = ¢*m} for each
n € Z, and define T;pg: M — M to be the Q(q)-linear mapping by setting

Tine(m) = oo (B FY B m (4.23)

a,b,c>0;—a+b—c=n
for each n € Z and each m € M. Then
T;(w).Tipr(m) = Tipg(u.m) (4.24)

forallu e U and allm € M.

Each subgroup Q C Aut(A,II) acts faithfully on U’ as a group of Q(g)-algebra
automorphisms of U’ via

Tp(El) = Ep(z’)v Tp(Fl) = Fp(i)a Tp(Kl‘) = Kp(i)v (425)
where p € Q) and i € I. The following equalities hold:
T,T; = TyiyT) (4.26)

as automorphisms of U. Set W := W x €. Then the braid group B = (T | v € W}
acts faithfully on U’ as a group of Q(g)-algebra automorphisms of U’ via

T = Tjo L., (4.27)

where x = |z|pg, |x] € W, and p, € Q.

Let A; be the localisation of the polynomial ring Q[g] at the maximal ideal
(g—1), that is, the Q-subalgebra of Q(gq) consisting of elements of Q(g) which have
no pole at ¢ = 1. For each A;-module M, we can define a vector space 1M over
Q by setting 1M := Q ® 4, M, where Q is regarded as an .A;-algebra via ¢ — 1,
and call the canonical mapping M — 1 M the specialization at ¢ = 1. We note that
1M~ M/{(qg—1)M}, and denote by T the image of m € M by the specialization
at g =1.

Let 4,U’" be the A;-subalgebra of U’ generated by {E;, Fi, KX'|i € T}, and
4, U™ the A;-subalgebra of U’ generated by {E; |i € I}. Note that 4,U’ is stable
under the action of By on U. Set 4, U} := 4, UT NU; for each p € Q1. Then
AUT = @ueq,a,Ul. We denote simply by U and Ul the image of 4,U*
and 4, Ulf by the specialization at ¢ = 1, respectively. Since g4, Ulf is a finitely
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generated A;-module with torsion-free and A4; is a principal ideal domain, we see
that 4, U, is a free A;-module with finite rank.

We define two sets AT and AJF by setting
Afﬁ” ={(n,i)[n €A, i=1,...,mult(n)}, Al = AT TI Aim, (4.28)

where mult(n) := dimg g,), and define x: Q4+ — N by setting for each u € Q,
wn) = e Ay = Zo | Lpenrc@a+ e it el i = p}. (4.29)

Proposition 4.2 ([5],[14]). The Q-algebra U™ is characterized as the associative
Q-algebra with the unit 1 defined by the generators {E;|i € I} and the following
fundamental relations:

F=(A-Aij—k) 5 (k)
(-1)*E; E,E

=0 (i #9), (4.30)

el
Il

0
where ng) = Ff/k' Moreover, for each p € Q4+, the following equality holds:
dimg U, = dimgq) UF = rank4, (4, U;") = k(p). (4.31)

Lemma 4.3. Let V be a vector space over Q(q), W a submodule of V over Ay,
and X = {xx|\ € A} is a subset of W with A an index set. Suppose that the
elements of {Tx |\ € A} are linearly independent over Q. Then the elements of X
are linearly independent over Q(q). Here, Ty is the image of xx by the specialization
at ¢ = 1. Moreover, if, in addition, the subset X is a basis of V, then X is a basis
of W over A;.

Proof. Suppose that ), ; kazx = 0 for some finite subset L C A with kx € Q(q)*.
Multiplying by a power of (¢ — 1), we may further assume that ky € A; for all
A €L. Set n:=max{m >0]|ky/(¢g—1)" € Ay for all A € L'}. Then there exists
an element A\, € L such that kx, /(¢ — 1)" € Ay \ (¢ — 1)A;. Hence the equality
2 xer ka/(g —1)"@x = 0 holds in 1 W with ky, /(g — 1)™ # 0. This contradicts to
the assumption.

Let us prove the second assertion. Let w be an arbitrary non-zero element of
W. Then w = ),y cara for some finite subset M C A with ¢y € Q(q)*. Now
we set p := min{m > 0]cx(¢ —1)™ € A; for all A € M}. We now assume that
p > 0. Then there exists an element Ay € M such that cy,(¢—1)? € A1\ (¢—1)A;.
Hence the equality 0 = >, cx(g — 1)PZx holds in ;W with ¢y, (¢ — 1)P # 0. This
contradicts to the assumption. Thus we get p = 0. Therefore, all ¢y with A € M
are non-zero elements of A;. O

Definition 4.4. For each s € W* and p € Ny(g), we define a weight vector Es(p)
of UT with weight ¢s(p) by setting

Es(p) = Ts)Ts@) + Tsp 1) (Esw)- (4.32)
If ¢s(p) = B, we denote the Eg(p) by Eg g.

Lemma 4.5. (1) Let 3 be an element of A, and s an element of W* such that
B = ¢s(p) for some p € Nygy. Then Eg s belongs to AlUér \ (g — DU, In
particular, the image Eg s of Eg g by the specialization at ¢ = 1 is a non-zero
element of 1U5r.
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(2) Let B be an element of A, and x an element of W such that 3 € ®(z).
We assume that Eg s, € Q(q)* Eg’s2 for all s1,s82 € W satisfying [s1] = [s2] = =.
Then Eg s, = Eg.s, for all s1,s2 € W satisfying [s1] = [s2] = x.

(3) Let B be an element of A, and x an element of W such that 3 € ®(x). We
assume that if B =3 cg,) € (7)7 with c(y) € Z4 for all v € &(z) then c(B) =1
and c(y) = 0 for all v # 3. Then Egs, = Egs, for all s1,s2 € W satisfying
[81] = [32] =x.

Proof. Let us prove the part (1). By (4.18)—(4.20) and the right equation in (4.21),
it is easy to see that T;(4,U’) = 4,U’, and hence T;((¢ — 1) 4,U") = (¢ — 1) 4, U’
for all ¢ € I. Thus we see that T;(4, U’ \ (¢ — 1)4,U") = 4, U\ (¢ — 1) 4, U’ for all
i € I. Then it follows from (4.32) that Eg s = Es(p) € a, Ug‘ \ (¢g—1)4,U™, since
Es(k(p)) S A1U+ \ (g — 1)A1U+ and Eg g € Ug_.

Let us prove the part (2). Put I = ¢(z). Let (p1,p2) be a unique pair of elements
of N; such that ¢s,(p;) = 0 for i = 1,2. To prove the assertion, it suffices to show
the equality Es,(p1) = Es,(p2). Since s1 can be transformed to sz by a finite
sequence of braid relations, we may assume that s; can be transformed to ss by
the following manner (i) or (ii) or (iii) or (iv):

(i) replacing two consecutive entries s;, s; in s; satisfying A;;Aj; = 0 by s;, s;;

(ii) replacing three consecutive entries s;,sj,s; in sq satisfying A;;A;; = 1 by
S5y 8i, 555

(iii) replacing four consecutive entries s;, s;, s;, s; in s1 satisfying A;jA;; = 2 by
845 8iySjs Sis

(iv) replacing six consecutive entries s;, s;, i, 5;, 8;, 55 in s satisfying
AijAji =3 by S5, 8i,55,84,S55,Si-

In the case (i), there exists a unique mg € N such that s1(mo) = s;, S1(mo +1) =
55, S2(mo) = Sj, S2(mo+1) = 85, and s1(m) = S2(m) for all m # mg, mo + 1.
Suppose that p1 < p2. Then p; = my and ps = mg + 1 since ¢g, (p1) = ¢s,(p2).
Thus we get Eg, (p1) = Fs,(p2) since E; = T;(E;). Suppose that p; = ps. Then
p1 = p2 < mp or mo+ 1 < p1 = po since ¢g, (p1) = ¢ds,(p2), hence the equality is
valid since T;T; = T;T; and s1(m) = s2(m) for all m # mg, mo + 1.

In the case (ii), there exists a unique mg € N such that s1(mo) = s;, $1(mo +1) =
Sj, 81(mo +2) = 8i, S2(mo) = Sj, S2(mo + 1) = $;, S2(mo +2) = s; and 81(m) = S2(m)
for all m # mg, mg + 1, mg + 2. Suppose that p; < ps. Then p; = mg and
p2 = mo + 2, since @s,(p1) = ds,(p2). Thus we get Es,(p1) = Es,(p2), since
E, =T,T;(E ) Suppose that p; = py. Then there exist three cases (a)—(c) to be
considered: ( ) p1 = p2 < mg, (b) mo+2 < p1 = pa, (¢) p1 = p2 = mo + 1, since
¢s,(p1) = ¢s,(p2). In the case (a) or (b), the equality is valid since T;T;T; = T;T;T}
and s1(m) = sa(m) for all m # mg, mo + 1, mo + 2. In the case (¢), Fs,(p1) and
Es,(p2) are not proportional since T;(E;) and T;(E;) are not proportional, which
contradicts the assumption of (2). Therefore the assertion is valid in the case (ii).

Since the arguments for the cases (iii) and (iv) are similar to that for the case
(ii), we omit them.

Let us prove the part (3). Put I = ¢(z). Let (p1,p2) be a unique pair of elements
of N; such that ¢g,(p;) = 8 for i = 1,2. Then Eg s, = Es,(p;) for i = 1,2. By
Proposition 40.2.1 in [14], we see that

Esl(pl) - Z k(cl,cz,---,CZ)ES2(1)01E32(2)02 ..'E32(Z)Cl)

(c1,e2,+,c1)E(Z4)!
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where K¢, c,.... ;) € Q(q). Now suppose that (c1,cz,-- -, ¢;) is a sequence such that
K(ey o, ey 7 0. Then Zi):l cpds,(p) = (. By the assumption, we see that ¢, =1
and ¢, = 0 for all p # pe. Thus Eg, (p1) = kEsg,(p2) for some k € Q(g)*. By the
part (2), we get Es,(p1) = Es,(p2), i-e., Eg s, = Egs,. O

5. THE SUBALGEBRA Uj ASSOCIATED WITH Ay AND THE BRAID GROUP ACTION

Throughout this section, we assume that g is the affine Kac-Moody Lie algebra
of the type xM (X =A,B,C,D,E,F,G) with A the root system.

Lemma 5.1. Let € be an element of KJF. If (s1,82) is a pair of elements of W
such that § —e € O([s;]) C AQ,-) fori=1,2, then Es_. s, = Es_- s,.
Proof. We may assume that [s1] = [s2], and put & = [s1] = [s2]. Since v € A(1,-)

]
for each v € &(z), there exists d(y) € N such that v = d(v)d+7 with 5 € A_. Now
suppose that 6 —e =3 4, c(7)y with ¢() € Zy for all v € #(z). Then § —c =

(X ea@) MA())d + 3, ca(r) €(7)7, which implies that ¢(6 —¢) =d(d —¢) =1
and c(v) = 0 for all v # 6 — e. Thus the Lemma follows immediately from Lemma
4.5(3). O

Definition 5.2. For each ¢ € ﬁJr, we define a weight vector E5_. of UT with
weight § — e by setting

Es_c = E6—5,37 (51)
where s is an element of W such that § — e € &([s]) C A(1,-). By Lemma 5.1, we

see that the vector Es_. is independent from the choice of s.

Definition 5.3. For each non-empty subset J C i, we define subalgebras of U over
Q(q) by setting

Uy = (Ea, KX Fy | a € Iy )g(grate,  Us = (KZ' | o € Iy )g(q)-ales
Ui = (Ea|a €1l)o@qrag  Ur' = (Ba, Ki' | a € I3 )g(g)-ales
Uy = (Fo | o € 13 )q(g)-ale> UJSO = <K§17Fa | o € Iy )q(q)-alg

where F,, := 2(E,). Note that U? = {K. |a € Q;} and that if J = I then Uy = U’
and Uf = UE. For each p € Qy,, we set UL =Un U/j‘. Note that

U;_ - @MEQJ+UL.
Define Aﬂ”j C AT and Ay, C A, by setting
A= {(md,j) |meN,jeT},  Ayp:=A LA™
and define ky: Q34+ — N by setting for each p € Qj4,
ks =t{c: Ayy = Zy | Y cl@a+ Y > c(méj)md=p}.

N méeAim jI

Lemma 5.4. Let J and J' be connected subsets ofi which are disjointed with each
other, and j an arbitrary element of J.
(1) Let j~ be a unique element of J. such that pyj(c;-) =09 —0;5. Then

E(;,QJ = T(Ej).] (Ej—), K5,9J = T(EJ)J (Kj—), F(s,eJ = T(EJ)J (Fj—). (5.2)
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Here the translation te, is simply denoted by ;. Let wo and wo; be the longest

element of V([)/'J and V([)/'J\{j}, respectively, and set wy; 1= wowo;. Then we have

Tiepys = Te, Ty, (5.3)

i wys’

In particular, we have

Eéfaj = Tszj_l(Ej)v K(Sfaj = TE_»I'Tj_l(Kj)7 F(Sfaj = TE_»I'Tj_l(Fj)' (54)

or eac zei ,zEI/f/J/, and j' € we have
2) Fi h i J dj el h

*9

(i) [Teyr To] =0, (i) [y, T =0, (i) [T, T, o] =0, (5.5)

(3) For each i € i\J, z € I/?/J/, and (X,Y) € Uy x Uy, we have
(i) T.,(X) =X, (i) T.(X) =X, (i) T, (Y)=Y. (5.6)

(4) For each (X,Y) € Uy x Uy, we have [X,Y] = 0.

Proof. (1) By Lemma 2.7(2.5)(i), (2.13)(i), and Definition 5.2, we have
Es_g; =T(c,y3(Ej-), Ks—o; =T, (K;-).
Since 2T,y = T(c;)s {2, we have
Fs_05 = Q2(Es-0,) = T(c,)s (Fj-).

The (5.3) follows from the following equalities:

U(e5)") + U(eg)a) = Lej), () = way.
In the case where J = {j}, we have j~ = j and w;; = s;. Hence we have (5.4) by
(5.3).

The part (2) follows from Lemma 2.7(2).

(3) Since t., (o) = a wehave Ty, (Ey) = Eq, T, (Ko) = Ka, and Ty, (F,,) = F, for
cach a € TI;. By (5.2) and (5.5)(i), we see that T, (Es—g;) = Es—g;, Te,(Ks_g;) =
Ks_o,, and T, (Fs—g,) = Fs_g,, and hence we have (i). Since z(o) = o we have
T.(Ea) = Ea, To(Ka) = Ka, and Tu(F,) = F, for each a € II;. By (5.2) and
(5.5)(ii), we see that TZ(E(;,QJ) = Fs_og,, TZ(K(s,eJ) = Ks_g;, and TZ(F(s,eJ) =
Fs_p,, and hence we have (ii). The (iii) follows from (i)(ii) and (5.3).

(4) It suffices to prove that [X,,Yy] = 0 for XY = E, K, F and (a,d/) €
Iy x . Since (a]a’) = 0, it is clear that [Es, Ko = [Fa, Ko] = 0. Let us
prove that [Ey, Fo] = 0. Suppose that j € J. and j/ € J,. In the case where
(o, ) € 1913 X fIJ/, it is clear that [E,, Eo/] = 0. In the case where o = § — 03 and
S IOIJ/, we have

[Ea, Ear] = Te;ys (B, Ew]) =0

by (5.2) and (3), where j~ is a unique element of J such that py;(a;-) = a. In the
case where o« = § — 05 and o = § — 0y, we have

(B, Bor] = Tiejy3 Ty ([Ej-, Ej-]) = 0

by (5.2) and (3), where j'~ is a unique element of J/, such that py (a;-) = o'

Similarly, we can prove that [Eq, Fo/] = [Fu, For] = 0. O
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Proposition 5.5. Let J be a non-empty subset of i, and Jy1,...,Jc3) the con-
nected components of J with C(J) the number of the connected components. If
J. and J. are different connected components of J, then [X,X'] = 0 for all
(X,X'") € Us, x Uy, . Moreover, the following equality holds:

Us = spangq { [0 X | X € Us, ). (5.7)

Proof. The first assertion follows from Lemma 5.4(4), and the second assertion
follows from the first assertion and Definition 5.3. O

Proposition 5.6. (1) Let us use the notation introduced in Definition 3.4. For
each p € Qj and a € Iy, the following equalities hold:
T‘p’(Ea) = Ep(a)a Tﬁ(Ka) = Kp(a)v Tﬁ(Fa) = Fp(a)' (5'8)
In particular, the restriction Ts|u, is an automorphism of Uy.
(2) Let J and J' be connected subsets ofi which are disjointed with each other.
Then [Tz, T5] = 0 for all (1,0) € Q5 x Qy. Moreover, Tz(X) = X for all 7 € Q
and X € Uy

Proof. (1) By Proposition 2.5, we may assume that p = py; with j € J.. Then we
have T = T(.,)s by Definition 3.5. By (2.10) and (2.12), we have £({(¢;)"}?) =
2(((g;)”), and hence Ty(.,y1y2 = (T(.,)s)*. In the case where o = § — 05, by (5.2)
we have

T5(Ea) = (Tie;y)*(Ej-) = Tye,yny2(Ej-) = Ep(ay

since

ple) = p(6 = 05) = {(e;)"}(ej-) = o € I
In the case where a = o, the equalities in (5.8) are nothing but the equalities in
(

(5.2). In the case where o € 1915 \ {a;-}, since p(a) € IOIJ, the equalities in (5.8) is
clear.

(2) The first assertion follows from (5.5)(iii), and the second assertion follows
from (5.6)(iii). O

Proposition 5.7. (1) Let J be an arbitrary connected subset ofi, Then the Q(q)-
subalgebra Uy of U is characterized as the associative Q(q)-algebra with the unit
1 defined by the generators {E., KX',F,|a € Il;} and the following fundamental
relations:

(Ko, Kg) =0, K,K,'=K]'K,=1, (5.9)
KoEsK;' = ¢P19Es, K FsK;' = ¢ Pl Ry, (5.10)
[Bo s F5] = dap(Ka = K5')/ (¢ — a5, (5.11)
(adyEo)t2e8) By = (ad,F,) 329 Fy =0 (a#0), (5.12)
where a, § € Ily. Moreover, the following equality holds:
U = ®ueqss Usy (5.13)

with the following equality:
dimQ(q) UJJFH = Ky(p). (5.14)
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(2) For each non-empty subset J C i, the multiplication defines the following
isomorphism m of Q(q)-vector spaces:

m: U @ U @ Uy —Uj. (5.15)
Proof. Tt is clear that all of the clams in (1) and (2) are valid in the case where

[e] [e]
J = 1. Hence we may assume that J is a non-empty proper subset of I. Then we

see that the irreducible root system & 3 is not of type Eg or Fy or G2, and hence
1. > 1.

Let Uy be the associative Q(q)-algebra with the unit 1 defined by the generators
{E,,Fy, KX'|a € TI;} and the fundamental relations (5.9)—(5.12) with replacing
X, by X, for X = E, K*' F with o € II;. To prove the part (1), it suffices to
prove the claim that the assignment X, — X, for X = E, K*' F with o € Iy
defines a Q(g)-algebra isomorphism hj: Us; — Uy. In the case where 4J = 1,
the claim is nothing but that of Proposition 3.8 in [1]. Hence we may assume
that §J > 2. To prove the well-definedness of hy, we show that the generators
{Eo, KX F, |a € TI;} of U; satisfies the relations (5.9)—(5.12). The relations
(5.9), (5.10), and (5.11) for « = 3 are clear. Thus it suffices to prove the relations

(5.11) for a # ¢ and (5.12). In the case where {a, 8} C ﬁJ, the relations (5.11) for
a # 3 and (5.12) are clear.

Suppose that {«, 5} = {«;,0 — 05} with j € J, satisfying ord(py;) > 3. Then,
there exists an element 7 of the cyclic group generated by p;; such that 7(«) and

7(03) are distinct elements of IOIJ. Since Aap = Ar(a)r(s), it follows from Proposition
5.6 that

T7([Ea, F3]) = [ET(a),FT(ﬁ)] =0, (5.16)
T5((adg Ba)' =29 Ep) = (adg By(a)) '@ ®). B 5) = 0, (5.17)
Tx((adgFo )1 =408) Fg) = (adg Fy (o)) @73 F 5y = 0. (5.18)

Since T3 is an automorphism of Uj, the equalities (5.16)(5.17)(5.18) imply the
relations (5.11) for a # § and (5.12) are valid in this case.

Suppose that {a, 8} = {a;, 6 — 05} with j € J, satisfying (py;)*> = 1. By Lemma
2.8 and Definition 5.2, we see that E, = T,(E;), Eg = T.(Ey), and Fg = T,(Fy)
for some z € W(A(1,-)) and distinct elements 4,7’ € I. Since Ayg = A;yv, it follows
that

(Ea, F3] = T.([E;, Fy]) = 0,
(adyEo)t~4e8) By = T, ((ad, E;) ~24) Ey) = 0,
(adyFo) 1 =428 Fy = T,((ad, F;) ~44) Fy) = 0.

Suppose that {«, 8} = {a;,0 — 65} with j/ € J\ J.. By Proposition 2.5 and
the first assertion of Lemma 2.7(5), we see that pyj(e) and py;(5) are distinct

elements of IOIJ for each j € J.. Put p = pyj. Since Aup = A)p(s), it follows
from Proposition 5.6 that the equalities (5.16)(5.17)(5.18) hold with replacing 7 by
p. Hence the relations (5.11) for a # § and (5.12) are valid in this case.

We next prove (2). It is clear that U ¢ UT, UY c U°, and Uy C U™, and
hence the multiplication mapping m is an injective Q(¢)-linear mapping. In the
case where J is connected, by (5.9)—(5.11), we see that m is surjective. In the
general case, the surjectivity of m follows from Lemma 5.4(4).
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The surjectivity of hy is clear. We prove the injectivity of hy. Let U;” be the
subalgebra of U; generated by {E, |a € Iy}, UY the subalgebra of Uy generated
by {KF'|a € M}, and U; the subalgebra of U; generated by {F, |a € TI;}.
Then it is clear that hy(U;") = (U5), ha(U9) = (UY), and hy(U; ) = (Uy). Set
hf = hJ|UJi and h9 := hslye. Then we see that

hy o =mo (hf @hy® hy),

where 71 is the multiplication mapping Uj ® U? ® UJ_ — Uj. Since both m and m
are isomorphisms of Q(q)-vector spaces, it suffices to show that Ui NKerhy = {0}
and UY N Kerhy = {0}. Tt is clear that UY N Kerhy; = {0}. Now suppose that
u € Uy NKerhy. Let A be an element of h* such that 2(a|\)/(a| @) = 1 for
all « € IIy. For each n € N, let p,: U — End(M(n))) be the representation of
U on the Verma module M (n)\) with highest weight n\, and v,, a highest weight
vector of M(n)). Set M, := p,(Us)v,. Since p,(U; v, = {0}, we see that M,, =
on(Uy v, and UM, = M,,. It follows that M,, = BaeQyy (My N M(nX),\_,) and
dimg(g) (M N M (n)),,y) = 1, where M(n)),,)_, is the weight space of M (n)) with
weight nA—a. Therefore we may regards the composition p, ohj as a highest weight
representation of Uy on M,, with highest weight n\. Hence there exists a unique
irreducible quotient L, of M, as Uz-module. Since u € UJ_ N Ker hy, we see that
uL,, = {0} for all n € N. By the assumptions of A\, we see that L,, is an integrable
highest weight Uz-module for each n € N. Thus we get u € Ny (Zaem IYJ_F(;’H),
and hence v = 0. Similarly, we have U; NKer hy = {0} by considering lowest weight
modules.

The (5.13) follows immediately from Definition 5.3, and the (5.14) follows from
the characterization of Uy above and (4.31) in Proposition 4.2. O

Remark 5.8. (1) In the case where §J = 1, the characterization of Uy described
in the part (1) of Proposition 5.7 is given by J. Beck in [1].
(2) We will show that the part (1) of Proposition 5.7 is still valid in the case

where J is an arbitrary non-empty subset ofi (see Proposition 7.1).

Lemma 5.9. Let J be an arbitrary connected subset of i Then, for each j € J,
the following equality holds:

Tj|UJ :hJOTjOh.;lv (5'19)

where hy: Uy — Uy is the Q(q)-algebra isomorphism introduced in the proof of
Proposition 5.7 and T is the Lusztig’s automorphism of Uy.

Proof. We note that the proof is similar to that of Corollary (a) of Proposition 3.8
in [1]. Let M be an arbitrary integrable U,(g)-module. Then M can be regarded
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as an integrable Ujz-module via hy. It follows from Lemma 4.1 that
Tj(Es—5) - Tine(m) = Tjnr(Es—g,.m)

= 3 (—1)°qt B F B Bs_g,.m
a,b,cEO;—a-{—b—c:n-{—(a}/ ,0—03)

= hy Z (—1)bq§77“5E§a)Fj(b)E§C)E,;,GJ m
a,b,cZO;—a—i—b—c:n—&-(a]V,6—9,])

(B Y (0 EOEYEO |
a,b,c>0;—a+b—c=n
= hy(Tj(Es-0,))-Tinr(m) = hy o Ty o hy*(Es—g,). Tz (m)
for all n € Z and m € M. Thus we get T;(Es—p,) = hyo T; o hy' (Es—g,)
by Proposition 3.5.4 of [14]. Similarly, we see that T;(u) = hy o Tj o hy ' (u) for
u = Eq, Fo, K, with a € II;. Hence (5.19) is valid since the both sides of (5.19)
are automorphisms of Usj. |

Proposition 5.10. Let us use the notations introduced in Definition 3.5. Let J be

an arbitrary connected subset ofi. Then the following equalities hold:

T5-(Eo) = —FoKeo, T (Eg) = (adyEo) "29) Es (o # 3), (5.20)
Ts:(Fa) = —K,'Eo, Ts:(Fp) = 2(Tsz(Ep)) (a#0), (5.21)
To:(Kp) = Koo = KoKa ™, (5.22)

where o, B € I1. In particular, the restriction of Tg-|u, is an automorphism of Us.

If, in addition, J' is a connected subsets ofi which is disjointed with J, then the
following equalities hold:

(i) Tz (X) =X, (i) [T5Ts] =0, (i) [Ts,Ts] =0. (5.23)
forall X € Uy, (o, ') € Iy x Iy, and T € Q.
Proof. By Lemma 2.7(5) and Definition 3.5, we have
Tir; = Tieao Ty Tee - (5.24)

Ss—0y

where jo and j, are the fixed elements of J. such that 6 — 05 = pyj,(a.-) and

Jo
(ijo)il = ij[)_'

Let us prove (5.22). In the case where oo = o; with j € J, the equality is clear
since Tg: = Tj. In the case where a = 0 — 65, (2.14) implies (5.22).

Let us prove the left equality of (5.20) and (5.21). In the case where a = q;
with j € J, the equalities are clear since T5> = Tj. In the case where a = § — 0y, it
follows from (5.2), (5.24), and Proposition 5.6(1) that

Tz (Ba) = Tie, Ty (By-) = Tiey 0 (—F= K- ) = —Fa Ko
Since 2T5 = Te (2, we have T (F,) = —K_'E,.

Let us prove the right equality of (5.20) and (5.21). Since Fg = 2(Ejg), the right

equality of (5.21) follows from the right equality of (5.20) and the left equality of
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(4.21). Hence it suffices to prove the right equality of (5.20). In the case where
a = «a; with j € J, since T5; = Tj, it follows from Lemma 5.9 that

T5;(Ep) = Tj(Ep) = hy o Tj o hy ' (Ep) = hy o Ty(Ep)
= hy ((ady ) ") By ) = (ady By) =0 By = (adyBa) o) By,
In the case where @ = § — 65 and § = o; with j € J, set y := p;jﬁ B) = p;j{) (a),
then we see that T(. _ys(Eg) = Ey and T(., ys(E,) = Eg, and hence
Jo
TEZ (Eﬁ) = T(st)JTjO— T(st, ) (Eﬁ) = T(EJ‘O)J ch)_ (EV)

(—A ) _
= Tie;) ((aqujo’) o -Ev) = (aqua)( Aaﬂ)-Eﬁa

where Ajo_7 = 2(04j()_ |'y)/(0<j0_ |04j0—).
The (i) of (5.23) follows from Lemma 5.4(3)(ii)(iii), and the (ii)(iii) of (5.23)
follow from Lemma 5.4(2)(ii)(iii). O

Definition 5.11. For each non-empty subset J C i, we define BWJ to be the braid

group associated with WJ by the generators {37, 7|« € Iz, 7 € Q3} and the
following fundamental relations:

(1) +Ts, - aTs, = iTs, - 5Ts,, if ord(sasg) = 2,

(i) 475, - aTs, - aTs, = 3Ts, - 3T, - 5Ts, if ord(sasg) = 3,
(iil) (57s, JTSB)2 = (4T, - sTs,)?  if ord(sasp) = 4,

(V) (3 Ts, - 3Tsy)? = (3 Tsy - 5Ts,)°  if ord(sasg) = 6,

(V) oTr - 5Ts, = 4T

Sr(a) 3T, (Vl) 3Ty 5T = 5T r, (Vll) JT =1,
where ord(x) is the order of z. The braid group BWJ is also defined by the generators

{ 3T, |z € /WJ} and the following fundamental relations:
JT:C . JTy = JTxy if K](J?) + EJ(y) = EJ(xy)a

where £y : /WJ — Z4 is the extended length function. In the case where J = i, we
can denote 7, simply by T,
Theorem 5.12. Let us use the notations introduced in Definition 3.5. For each
non-empty subset J C 1, the braid group BWJ acts on Uy as a group of Q(q)-algebra
automorphisms of Uy via

JT‘? — T§|UJ) (525)
where s € §J, Moreover, the action of 3T, on Uy is given by

JT;C — T[g] |UJ (526)
for each x € WJ, where s is an element of WJ such that [s] = x.

Proof. By direct calculations as in the section 39.2 of the Lusztig’s book [14] using
Proposition 5.5-5.7 and 5.10, we see that the automorphisms T%|y, satisfy the
fundamental relations (i)-(vii) of By with replacing ;T by T5|u,, and hence the
assignment (5.25) defines a group homomorphism from BWJ to the automorphism
group Aut(Uj).
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We next prove (5.26). Denote the s by s = (s(»))pen,, with n € N. Then
r=[s] =s1)s(2)- - 8(n), Ll3(z)=Lls(8(D) +€s(8(2) + - + Ls(s(n)),
and hence the following equality in BWJ holds:

31w = 3Tsy - 3Ts2) - 5Ts(n)-

By (3.6)(3.11), we see that

3] = 5800 - 50, L(B)) = L(5T) + £(53) + -+« + £(509),
which imply the following equality in By;:

Tz = Tsm T Tty
Thus we get the following equality:
Tig)lvs = Talvs - Tsgglvs -+ Tsgylvs-

Therefore the action of ;7T, on Uy is given by (5.26). O

Remark 5.13. Note that 3T, (u) = Tyy(u) for each w € I/?/J and u € Uy and that

if J = i then ;T,(u) = Ty (u) for each x € /WJ and u € Uy. In Proposition 5.20, we
will prove that the action of BWJ on Uy is faithful.

Lemma 5.14. Let J be an arbitrary non-empty subset of i, and K an arbitrary
connected subset of J.

(1) The equality [3T%,Te,] = 0 in Aut(Uy) holds for all x € Wy and i € i\J
(2) For each k € K., we have

Es—ox = 3Te, T, (Ep-), (5.27)

€k (er)k
where k™ is a unique element of K, such that pxy(ai-) = § — 0x. In particular,
we have Es_g, € Uy and the following inclusions:
Uk C Uy, Ug c Uy, Ug C Uy, Ul cul. (5.28)
Proof. (1) This follows from Lemma 5.4(2)(i) and the equality [7},7T.,] = 0 in
Aut(Uy) for all j € J.
(2) Let s be an element of Wy such that [s] = t.,. Then, by Theorem 5.12, we
have the following equality in Aut(Usy):
aTe, = T[§]|UJ' (5.29)
By (2.5)(i), (2.13)(i) in Lemma 2.7, and (3.20)(i) in Lemma 3.9, we have
3% () = 6 — O = (e8)™ (o)
Since ®(ex) C A(1,—), we have &((4)¥) C A(1,-). Moreover, by (3.12)(3.13),
we have @([3]) C A(1,-), hence ?([5]¥) C A(1,-). Therefore, by Lemma 5.1 and
Definition 5.2, we have
Tz« (Bk-) = Es—oxc = Ty (Ek-)- (5.30)
By Lemma 3.9(3.20)(ii), we have

T[g] = T[g]KT( (5.31)

ER)K®

Since T(;Cl)K(Ekf), by (5.29)(5.30)(5.31), we get
Es—oic = Tiglus Tty (Br) = s To, Ty (B ).

€k (er)k
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Proposition 5.15. For each non-empty subset J C jc[) and j € J, we have
T, =Te, |, (5.32)

Proof. Put K = {j}. Then we see that 0x = «;, (¢;)x = s;, and j~ = j. By
Lemma 5.14(2), we have

Es—o; = T2, T; 1 (E;). (5.33)
Suppose that j € J.. Then we see that
ej = paj(ej)s,  Lales) = alpay) +La((g)a),  p3j = (g5)7
Since ;T¢, = 5T),, “3T(;),, we have
iTe; = Tieyyalus - Tiepslvs = Teylus -
We next suppose that j € J\ J.. It suffices to show that
G T, (X) =T, (X) (5.34)

for X = E,, F,, KI! with a € II;. In the case where X = KF!, the (5.34) is clear.
By (5.33), we have

oIy (Fy) = = K5, Es—o, = T.,(F))
for each j € J. In the case where j' € J\ {j}, we have t.,(a;/) = a;/, and hence
JTE]' (Fj/) = Fj/ = TEj (Fj/)'

Thus (5.34) holds in the case where X = F,, with o € 19[J. Since [£2,;T¢,] = 0, the
(5.34) holds in the case where X = E, with o € 1 3. Therefore we have

JTEjlo

Us - 1;j|o ’

Us

where [j'J is the Q(q)-subalgebra of U generated by {E,, Fn, KX |a € IO[J} We
next prove (5.34) in the case where X = E5_p,. By Lemma 5.14(2), we have

E579J - JTEkT71 (Ek—)v

(er)a
where k,k~ € J, such that psr(ayp-) = § — 6;. Since k € J., we have
Jz%k = 12k|Uj'

Since T,_*, (Ey-) € [}J; we have

(ex)a

T8 (B ) =T.. TN (E-).

€j (Ek),] €j (Ek)J

In addition, it is clear that [T, , 57¢,] = 0. Therefore we see that

JTEj (Es—o,) = il - JTEJT(;i)J (By-) = JTEkTEJT(;i)J (Ex-)
=T, 1., T, (By-) = Te, To, T (Bp-) = Te, (Es—o,)-

The (5.34) for X = Fs_g, also holds, since [{2, ;1] = 0. O
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Definition 5.16. Let J be an arbitrary non-empty subset of i For each y € WJ,
we define Q(q)-subalgebras A;(y) and A;(y)¢ of Uy by setting
As(y) ={ueUf | T, (w) e U}, As(y)® ={ueUf | T, (u) e Uy }.
(5.35)

Note that Aj(y) = A;(Jy|) and A;(y)° = A;s(Jy|)¢, where y = |y|7y, |y| € W3, and
Ty € §5. For each B € B}, we set

A;B) = |J A, AB)r°= (] AW (5.36)
yeEWs(B) yEW;(B)

where W3(B) = {y € W;|®5;(y) C B}. Here note that A;(B)¢ is a Q(q)-
subalgebra of U . In Proposition 7.2(2), we will show that A;(B) is also a Q(q)-

subalgebra of U;". For each w € W, we set

As(w, =) == Ay (As(w, ),  Az(w,—)° = As(As(w,-))", (5.37)
As(w,+) = VA5 (As(w, ), As(w, ) = TA;(As(w, +)°. (5.38)
Note that

Astw,=) = {u € Uf | 3y € Wa(As(w,-); oT,  (u) € UF°}, (5.39)
As(w,—)* ={u e Us |Vy € Ws(As(w,-)), 3T, " (u) € US }, (5.40)
Asw,+) ={ue U | Iy € Wi(Asw,+)); 5Ty (u) € U5}, (5.41)
Asw, ) ={ue Uy | Vy € Wy(Asw,+)), 5T,-1(u) € Uf }. (5.42)

In addition, we define a Q(g)-subalgebra Aj(w,0) of U;™ by setting
Az(w,0) := Ay(w, =) N Ay(w,+)°. (5.43)

[e]
In the case where J = I, we will denote the symbols above more simply by removing
J from them.

Lemma 5.17. (1) For each y € Wy, the multiplication defines the following injec-
tive Q(q)-linear mappings:

As(y) @ As(y)° = U, As(y) ® As(y) = US (5.44)

(2) Let wo be the longest element of V([)/J. Then the following equalities hold:
As(w,+) = VAz(wwo, —), Az(w,+)¢ = VAz(ww.,—)°, (5.45)

Ajz(w,0) = ¥ Az(wwo, 0). (5.46)

Proof. (1) Since 3T, is an automorphism of the Q(g)-algebra Uy, the assignment
a®b— ;T (a)®;T, " (b) defines an automorphism (37, ')®? of the Q(g)-algebra
U2, Let m be the multiplication mapping Ay(y) ® A;(y)¢ — U, and m’ the
multiplication mapping U, JSO ® U;” ~ Uy. Then we see that

JTJI om=m'o (;T1)2?

v ) lasmeasme

where (37,71) 92| 4, (y)@4,(y)e 1 the restriction of (;T,71)®* to A;(y)® Ay (y)°. Since
the right hand side is injective, we see that m is injective. The proof of the remains
is quite similar.
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(2) The equality Aj(w,+) = Aj(wwo,—) implies (5.45). From (5.45), it follows
that
U Ajz(wwo, +)¢ = YW Az (wwows, —)¢ = Ag(w, —)°.
Hence, by (5.43), we see that
VA (wwe,0) = ¥ Az (wwo, =) NV Az (wwo, +)° = Ay(w,+)° N Ay(w, =) = Ay(w,0).

O
Definition 5.18. For each s € Sy, we set
B, = Es—o;, %f s = 55—‘9:% W-ith c=1,...,C), (5.47)
E; if s =s; with j € J,

where E,;,GJC is introduced in Definition 5.2. For each s € W and p € Nyg), we
define a weight vector Es(p) of U;” with weight ¢s(p) by setting

Es(p) :==3Tsqy - sTsp—1)(Esep))- (5.48)
If ¢ps(p) = B, we denote the Es(p) by Eg,s.

For each function f: X — Z,, we set supp(f) := {x € X | f(z) > 0}, and call
the set supp(f) the support of f. If fsupp(f) < oo, we call f a finitely supported
function.

For each finitely supported function c: Nyg) — Z4, we set

E§7< = Es(pl)c(pl) . Es(pg)c(p2) ,,,,, Es(pm)c(pm), (5.49)
B = Bs(pn)* ™) - Es (p2)* - Bs(pr)**", (5.50)

where supp(c) = {p1,p2,...,Pm} With p1 < p2 < -+ < ps,. Here we set ES . =
Eg . :=1in the case where supp(c) = . Let us denote by s < (resp. Es ) the
set of all £§ _ (resp. E§ ).

Proposition 5.19. (1) Let B be a real biconvex set in Ayy, and s an element
of W5 such that B = ®3([s]). Then the set Es.« (resp. Es>) form a basis of a
subspace Uy <(B) (resp. Uy ~(B)) of Uy which does not depend on the choice of s.
Moreover, the multiplication defines the following injective Q(q)-linear mappings:

Us,<(B)® As(B)* — Uy, Us»(B)® Ay(B)® — US, (5.51)
AJ(B)C X UJ7<(B) — U;’_7 AJ(B)C X UJ7>(B) — U;_ (552)

(2) Let J1, J2 be non-empty subsets ofi which are disjointed with each other, and
(B1, Bz) an element of B5, x B, . Then the multiplication defines the following
injective Q(q)-linear mappings:

UJ1,<(Bl) & UJ2,<(BQ) — U+; UJ1,>(31) ® UJ2,>(32) —UT. (5~53)

Proof. (1) We first consider the linear independence over Q(gq) of the sets &g, <.
Since the proof of the linear independence is similar to that of Lemma 8.21 in
[10], so we omit the detailed proof, but we give a key point. Since Ejk is a non-
zero element of Aj(s;) with weight ko, for each j € J and k = 0,1,...,m, the
elements E]’“ (k=0,1,...,m) of Aj(s;) are linearly independent over Q(g). Thus
it follows from Lemma 5.17(1) that the equalities >," E]’?uk = 0 with ug, € A;5(s5)°
(k=0,1,...,m) imply that ux = 0 for all k.

We next prove the independence of Uz -(B) from the choice of s. For conve-
nience, we denote by Uy (s) the Q(g)-subspace of U spanned by £s <. Then it
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suffices to show that Uy ~(s) = Uy <(s’) for another element s’ € W such that
&>([s']) = B. In the case where B is a finite biconvex set in Aj,, since s is
a finite reduced word, the proof of the assertion is similar to that of Proposition
8.22 in [10], so we omit that. We will prove the case where B is a infinite real
biconvex set in Ayy. Since &°([s]) = ¢°([s']), for each (m,n) € N2, there exists
(m!,n') € Zsm X Zsy, such that @5([sim]) C P5([s1,./])and D5([s1.]) C Ds([sl,..]),

m

which implies Uy <([8Im]) C Us <([8'1,./]) and Us <([s1.]) C Us <([8'1,./]). Since
Us,<(8) = UpenUs,<([s1x]) and Uy <(s') = UpenUs,<([s1,]), we get Uy <(s) =
Us,<(s"). Since the proof of the assertion for £g - is quite similar, we omit that.
We next prove (5.51) and (5.52). By Lemma 5.17(1), we see that the multi-
plication A;([s},]) ® As([s1,])¢ — Uj is injective for each p € Ny). It is clear
that Us <(s1,) C A;([s1,])¢ and A3(B)¢ C As([sI,])°. It follows that the multi-
plication my,: Uy <(s1,) ® A;(B)¢ — Uj is injective. Suppose that two elements
(a1,01) and (a1,b2) of U «(s) x Az(B)° satisfy a1bi = asbe. We may assume
that both a; and as belong to U; <(s|,) for some p € Nyg). Then the injectivity
of m, implies that a; = az and b; = by. Therefore the multiplication mapping
Uy <(B) ® A;(B)¢ — Uy is injective. The proof of the remains are quite similar.
(2) Set J = Jy 11 J2. Then we see that By is a real biconvex subset in Ajy.
From (5.23)(i) in Proposition 5.10, it follows that both Uy, «(Bz) and Us, »(Bs)
are subspaces of Aj(B)°. Thus (5.53) follows from (5.51). O

Proposition 5.20. (1) Suppose that B is a real biconvex set in Ayy and set B :=
BN A;, for each ¢ = 1,...,CJ). Then the multiplication define the following
isomorphisms of Q(q)-vector spaces:

@Sy, <(Bo)Us<(B),  @SVU;. < (B.)=5Us »(B). (5.54)

(2) Let C be a real biconvexr set in Az, and y an element of W;(C). Set
D =y YO\ D5(y)}. Then the multiplication defines the following isomorphisms

of Q(q)-vector spaces:
Us,<(y) ® 3TyUs < (D)—U;, <(C), (5.55)
3TyUs > (D) @ Us > (y)—Us; 5 (C), (5.56)

where Uy <(y) := Us <« (P3(y)) and Uz > (y) := Us >~ (P3(y)). In particular, we have
Us,<(y) CU; <(C) and Uz »(y) C Us »(C). Moreover, we have:

Us,<(y) = Us,<(C) N As(y), (5.57)
3TyUs <(D) = Us,<(C) N As(y)*, (5.58)
Us > (y) = Us>(C) N As(y), (5.59)
JTyUJ,>(D) = UJ,>(C) NA;(y)° (5.60)

(3) For each B € B3, we have Uy «(B)UU; ~(B) C A;(B).
(4) The action of BWJ on Uy is faithful.

Proof. (1) For each c =1,...,C(J), weset s71(S;.):={pe€ Nys) | s(p) € S5, } and
ne = #871(S;,), and denote by ¢, the unique strictly increasing function from N,,_
to Nyg) such that Im.. = s71(S;.). Then, for each ¢ = 1,...,C(J), we define a
sequence S = (8:(p))peN,, € S?:U by setting s.(p) := 8(ic(p)) for each p € N,,_. We
see that s is an element of Wy such that &3 ([s.]) = B.. By Proposition 5.19(2),
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we see that the multiplication defines the following injective Q(g)-linear mappings:

C)
c=1

WU, (B, —UT,  @SDU; o (B,)— U*. (5.61)

Moreover, by Lemma 5.4(4) and Proposition 5.10(2), we see that

HS:(JRSSCK =Es,<; ng(i)gsu,> =Es,>. (5.62)

Therefore we get the (5.54).
(2) By definition, we see that for each s € Wj and m € Ny(g) the multiplication
defines the following isomorphisms of Q(g)-vector spaces:

Us,<(8Im) ® T[S\M]UJ,<(S\M)L>UJ,<(s)a a®b— ab, (5.63)
T[S\ ]UJ,>(S‘"") ®UJ,>(S‘m,)L)UJ7>(S)7 Cl®b’—> Clb7 (564)

m

where s|., is the initial m-section of s and s/™ is the m-shift of s.

We prove (5.55) and (5.56) in the case where B = ®;(z) € B; with z € Wj.
Since ®;(y) C @;(z), we have @5(2) = &;(y)yd;(y~12), and hence D = &;(y~12).
Thus we see that there exists an element s € W} such that [s] = z, [s]..] =y, and
[sm] = y~ 'z with n = £(2) and m = £(y). Hence, (5.63) and (5.64) imply (5.55)
and (5.56).

We prove (5.55) and (5.56) in the case where B € B°°. By Lemma 2.5 in [8], we
see that D € B5° and B = $;(y) HyD. Thus there exist an element s € W5° such
that @%([s]) = B, [8m] =y, and #3°([si™]) = D with m = £(y). Hence, (5.63) and
(5.64) imply (5.55) and (5.56).

It is easy to see that

Us,<(y) UUs > (y) C As(y), 3 TyUs < (D) UsT,Us ~ (D) C As(y)©,

and hence (5.57)—(5.60) follow from (5.55) and (5.56).
(3) Tt is easy to see that

Es,<« = Upen€sy,, < Es> = UpenEsy,, >
with 58\,,,< C 53‘p+1’< and £3|p’> C €3|p+1’>, which 1mphes that
Us,<(B) = UpenUsy,<([51,]), Us,>(B) = UpenUsy, > ([515]), (5.65)

Thus we get Us «(B)UU; »(B) C Aj(B), since Uy <([s1,]) UUs,>([s1,]) C As([s1,])
and [s|,] € W;(B) for all p € N.

(4) Suppose that ;T,|u, = id for y € W;. Then A;(y) = Q(q). Since U; «(y) C
Aj(y), it follows that Uy «(y) = Q(q). Thus we get y = 1 by Proposition 5.19(1).
|

Definition 5.21. For each w € I/?/J; we set

Us,<(w, =) :=Us <(As(w,-)), Us>w,-):=Us>(Asw,-)), (5.66)
Us,>(w,+) :=VYU;5 <(Asy(w,+)), Us<(w,+) :=PUs 5 (As(w,+)). (5.67)

Note that
Us>w,+) = PUy, < (wwo, ), Us,<(w,+) = ¥YU; > (wwo, —) (5.68)

with w, the longest element of Wy. In the case where J = I, we will denote the
symbols above more simply by removing J from them.
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Proposition 5.22. For each w € V([)/'J and y € Wi(Ajz(w,-)), the multiplication
defines the following isomorphisms of Q(q)-vector spaces:

Us,<(y) ® sTyUs <@ 'w, =) —Us < (w, -), (5.69)
3TyUs > (@ 'w,—) @ Us > (y)—Us > (w, -). (5.70)
Moreover, the following equalities hold:
Us,<(y) = Us,<(w,-) N As(y), (5.71)
3TyUs, <@ tw, =) = Uy < (w,—) N Az (y)°, (5.72)
Us>(y) = Us > (w,—) N As(y), (5.73)
3TyUs > @ tw, =) = Uy > (w,—) N Az (y)°. (5.74)
Proof. Since @5(y) C Aj(w, ), we have
Py (y) LyA;(—'w,—) = Ay(w,-). (5.75)
Thus the assertions follow from Proposition 5.20(2). O

Lemma 5.23. Let w be an arbitrary element of € I/(I)/'J,
(1) For each y € Wi(Ajz(w,—)), we have

JTy_lUJ,>(wa+) CUs>@ tw,+), JTy_lUJ,<(wa+) CUs <@ tw,+).

In particular, we have Us > (w,+) U Uz «(w,+) C Aj(w,—)°.
(2) For each y € Wy(Ajz(w,+)), we have

iTy—1Us <(w, =) CUs <@ 'w, =), 3Ty-1Us>(w,-) CUs>@T 'w,-).

In particular, we have Us «(w,—) U Ujs > (w,—) C Aj(w,+)°.
(3) The following (i) and (ii) hold:

(1) v €¥Ty,Us<(1,-) = Ty(u) € Us > (w,+),
(i) v e ¥, Us>1,-) = Ty(u) € Us «(w,+).
(4) The following inclusions hold:
Us,<(w, =) UUs > (w, =) C As(w, =), U <(w,+)UUs > (w,+) C Ay(w,+).

Proof. (1) By (5.75), we have @;(y~!) C Ay *wwo,—). By Proposition 5.22, we
have 5T, -1Uy, < (wwo, —) C Uy, < (¥~ *wwo, —). Thus, by (5.68), we get
JTy_lUJ,>(wa+) =¥;Ty-1Us <(wwo, =) C Uy > ([G 'w, +).

(2) Since @;(y) C Aj(wwo,—) we have @;(y~1) C Ay@ 'w,—). Thus, by Propo-
sition 5.20, we get 3T, 1Us <(w,—) C Uy <@ 'w,—).
(3) By (5.68) and (5.69), we see that the multiplication mapping

VU;, < (wwo) @ $Tyw,Us,<(1,-) — Uz > (1,4)

is an isomorphism of Q(g)-vector spaces. On the other hand, we see that Ty, =
T-1Tyw, and T,,¥ = Q/Tyj}l, and hence

Tw(u) S ngpTonJ,<(1:7) = !pTwonJ,<(1:7) C U_]’>(’LU,+).

The proof of (ii) is similar.

(4) The left inclusion follows from Proposition 5.20(3) and (5.66) and the left
part of (5.37). The right inclusion follows from Proposition 5.20(3) and (5.67) and
the left part of (5.38). O
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6. IMAGINARY ROOT VECTORS OF U

In this section, we introduce imaginary root vectors of U, where J is an arbi-

trary non-empty subset of T.

Definition 6.1. For each (i,m) € I x Z, we set

T, =T0T N (E),  af, =T."(E). (6.1)

Lemma 6.2. (1) Suppose thatn € N and m € Zy. Then
Tw(w;,) € Uc(w, =) ps—w(as)s 6.2)
Tw(x;fm) € Uc(w, +) mstw(ay) (6.3)

for each i € i and w € V([)/ Moreover,
Tw(zy,) € AU\ (¢— 14U, (6.4)
Tw(m;fm) €4UT\(g—1)4,UT.
(2) For each (j,m) € J x Z, we have

5y = T )T (B, 66
xjm = (Tz,) " (Ej).

J,m

- +
Therefore, both x;,, and x} . are elements of Us. Moreover, we have €

Az, =) if m >0, and :c;rm € Az(1,+) if m > 0.

(3) Let (4, m) be an arbitrary element of J X Zy, and s an arbitrary element of
Wy such that mé + a; € @5([s]) C A;(1,+). Then we have VEy54a;.5 = m;rm
Proof. (1) By Definition 5.2, Definition 5.21(5.66), and Definition 6.1, we see that

T =FEs—a, €Uc(l,-)5_q,>
and hence

Tw(x;,n) = Tng_l(Eé—ai) € U<(w7_)n57w(ai)
by (5.69). Let w, be the longest element of W Then, by (5.68)(5.70), we see that
the multiplication mapping
VU (wo) @ UTy,Us(1,-) — U<(1,4)
is an isomorphism of Q(g)-vector spaces, and hence
Uc(, M) msta, C¥Tw,Us(1,-). (6.8)
On the other hand, by Lemma 5.23(1), we have
af o =T (E) € Uc(l, Hms o,
since E; € U<(1,+). Combining with (6.8), we have
zf o €Ul ) msta; C PTw,Us(1,-).
Thus, it follows from Lemma 5.23(3)(ii) that
T () € Uc(w, H) st (on)-

It is easy to see that the set 4,U"\ (¢ —1)4,U’ is stable under the action of By;
on U, which implies

Tw(x;n),Tw(a:;fm) e AU\ (¢g— 14U
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Moreover, by (6.2)(6.3), we see that T, (z;,,) and Tw(x;’:m) are elements of U™T.
Thus we get (6.4)(6.5).

(2) Since both E; and ijl(Ej) are elements of Uy, the (6.6) and (6.7) follow
immediately from (6.1) and Proposition 5.15. Since ;7% is an automorphism of
Uj, by (6.6) and (6.7) we see that x;tm € U;. In the case where m > 0, by (1) we
have 7, € Uy NU" = U; . In addition, by (6.6) we have

(oTe,) " (25,) = —KG ' Fy € U5,

and hence z;,, € A;s(1,—). The proof of remains is similar.
(3) Firstly, we claim that if (s1, s2) is a pair of elements of Wy such that mé+a; €
D5([si]) C Ay, +) fori = 1,2 then Epsya;,s, = Emsta;,s,- We may assume that
[s1] = [s2], and put x = [s1] = [s2]. Since v € A;(1,+) for each v € $3(x), there

exists d(v) € Zy such that v = d(y)d +7 with 7 € £J+- Now suppose that
mé + o =3 cq ) (7)Y With e(y) € Zy for all v € &5(x). Then md + o; =
(X eas @ €NA())d + 3. co,(x) €(7)7, Which implies that c(md + ;) = 1 and
c(y) = 0 for all v # mé + ;. Thanks to Theorem 5.12 and (5.48), we can apply
Lemma 4.5(3) to this case. Thus we get Emsia;,s, = Eméta,,s,-

Now let us prove the equality ¥ Ep51a;,s = x;'m for any s € Wj such that
md + a; € D5([s]) C As(1,+). Put [ = £;5(t_y,c;) and denote t_,,,c; by s152---51p
with s1,82,...,5 € Sy and p € Q;. Let E,,, = ;T,(E;) with s;41 € Sy, and
define s’ = (8'(p))pen,,, € SIT! by setting s'(p) := sp for each p € Nyiq. Then
we see that the sequence s’ is an element of Wj satisfying @;([s']) C As(1,+) and
¢s' (Il +1) =md + a;. Thus it follows from (6.7) and the claim above that

J);:m = WJT—msj (E]) = LZ/.]Tsl : JTSQ """ JTsl (E81+1)
= WEm6+ozj,S’ = LZ/E‘m6+04j78-
O
Definition 6.3. For each (i,n) € I x N, we set
Din = [T, , Bilg =2, B — q[QEix;n, (6.9)

and also define p;(z) € U|[[z]] by setting

0i(2) = (g —q; ") Y pin" (6.10)

n>1

In addition, we define I;,, € U:a by the following equality in U™ [[z]]:

Li(z) = log(1 + pi(2) = Y CL 0 (o), (6.11)

n>1

where

Li(z) = (i —q; ") > Lin2" (6.12)

n>1
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Proposition 6.4 ([13]). For each (i,n) € Ix N, the following equalities hold:

Qe =D B )
Ii,n = Z %(qz — qz)Ek Pk 18051130222 wfn7
pl’pQ’“'vanO;Zk kpr=n piip2l--pp!
c g ) Xepe—l
q q; k )

P1,P250Pn 20530, kpr=n

Proposition 6.5 ([1]). Let i and j be arbitrary elements ofi,
(1) For eachn € N and m € Z, the following equalities hold:

Pin = [x;m ’ x;fnfm]m (613)

T (pin) = Pins  Tei(Ljn) = Ljn, (6.14)
— n [nAl] i —

[2m » Tiin] = (sgn(Ai))" =257 1y (6.15)

[Lin s ©,,) = (sgn(Am)”[ nj]q T i (6.16)

(2) For each m,n € N, the following equality holds:
[@i,m7 Soj,n] = [Ii,m7 Ij,n] = 0. (617)

Lemma 6.6. (1) For each w € I/f/’ and (i,n) € I x N, both Ty (win) and Ty (Lin)

are elements of 4, Ul \ (q — 1), Ut. Moreover, both Ty, (pin) and Ty(I; ) are
non-zero elements of 1U

(2) For each w € W, the elements of { Ty (Iin)| (i,n) € I x N} are linearly
independent over Q.

(3) Suppose that j € J C I. Then both Tw(pjn) and Ty(l;,) are elements of
Uy for each w € V([)/'J and n € N.
Proof. (1) Suppose that w(a;) > 0. Then we have T,,(E;) € 4, U;r(ai). Hence, by
Lemma 6.2(1), we have T (z;,,) € 4, Ut

nd—w(a
Tw(pin) = [Tw(xii,n)v Tw(Ei)lq € Ut.
Suppose that w(a;) < 0. Then we see that w = w's; and £(w) = £(w') 4+ 1 for some
w' € I/?/', and hence Ty, = Ty T; and Ty (E;) € 4,UT. Thus we have
Tw(xi_,o) = Tw’Ti(Ti_l(Ei)) - Tw’(Ei) € U+
Combining with Lemma 6.2(1)(6.5), we get
Tuw(pin) = Tuw([ri » 21le) = [Tur

In the case that m > 2, by Lemma 6.2(1)(6.4)(6

Tw(Pin) = Tw([xi,nq ) ] )= w(w ) (xi,l)]q €A Ut.

Therefore we see that T, (i) € 4,UT for each w € W and (i,n) € I xN. By
Proposition 6.4, we see that

jw(li,n) - jw(@i,n)
2 : > . pre—1)! Pl p1 P Prn—
;0(1';0; kpn )1| (q Qz)zk et w(cpi,llsai,é 901 n 11)

ShCi kpr=n

iy and hence

Ey), Tu(aiy)lg € 4,0
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and hence T\, (I; ) € 4,Ut. Moreover, by (6.18) in Proposition 6.5 and (6.5) in
Lemma 6.2(1), we have

Tw(lz’,n) € Ay U+ \ (q - 1)A1 U+7

and hence Ty, (pin) € 4, U\ (¢ —1)4,UT by (6.14).
(2) We may assume that w = 1. Hence, it suffices to show the linear independence

over Q of the elements of {I; ,, |i € i} for each n € N. By (6.17) in Proposition 6.5,
we see that

[Es—ay » Tin] = (sgn(ai)) " Asja (6.18)

for all j € i Now suppose that Zizlyimzo with v; € Q. Then (6.20) implies
that Zizlyi(sgn(Aij))”Aij =0for all j € I. Thus we have

1, ml(sen(as)" Al - e =[0,...,0].

o fr—
2,7€1

Since the matrix [(sgn(Aq;))™Asj] 9 is invertible, we get [v1,...,1] = [0,...,0].

1,7
Therefore the assertion is valid.
(3) By Lemma 6.2(2), we have z;,, € U, and hence

@im =[x}, Ejlq € U

By (6.13) in Proposition 6.4, we have I;,, € U; . Since Uy is stable under the action
of Ty, both T,(¢;jn) and T, (I; ) are elements of Uy. Thus we get the assertion
in (3) by combining with the first assertion in (1). O

Definition 6.7. For each w € V([)/J, we define a Q(q)-subalgebra Uy (w,0) of U;” by
setting

Us(w,0) := (Tw(Ijn) | (G,n) € J x N)g(g)-ate- (6.19)

Note that Lemma 6.6(3) implies Uy(w,0) C Uy . Let < be an arbitrary total order
on the set J x N. For each finitely supported function ¢: J x N — Z, we set

I = Isl(m)jycm(m) o I;fnjm,), IS = I:;(;:Wn) o [fléna)jf]fn1), (6.20)

where supp(c) = {n1,m2,...,Mm} with m <n2 < -+ < ny,. Here we set IS = IS :=
1 in the case where supp(c) = (). Let us denote by Z- (resp. Z.) the set of all I¢

(resp. IS).

Proposition 6.8. Let w be an arbitrary element of I/(I)/'J, and = an arbitrary total
order on J x N. Then Uj(w,0) is a commutative Q(q)-subalgebra of U5, and the
sets Tyy(Z<) and T,y (T, ), respectively, are bases of Us(w,0).

Proof. We may assume that w = 1. By Proposition 6.5(2), we see that U;(1,0) is a
commutative Q(q)-subalgebra of U}, and hence Z spans Uy (1,0). Thus it suffices
to show the linear independence over Q(q) of the set Z. Let us denote by Z~ the
image of Z- by the specialization at ¢ = 1. By Proposition 4.2, Lemma 6.6(2), and
the PBW Theorem of Lie algebras over Q, we see that Z is a linearly independent
set over Q. It follows from Lemma 4.3 that Z. is a linearly independent set over
Q(q). The proof of the assertion for T,(Z,. ) is quite similar. O
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Lemma 6.9. (1) For each t € Ty, there exists an element t' € Ty N W3 (Aj(1,-))
such that tt' € Ty N Wiy(As(1,-)).

(2) Let w be an element of V?/J, and y an element of Wy(Ajz(w,-)). Set w' =
7 tw. Then there exist elements t,t' € Ty NW3(As(1,-)) such that wt = yw't’ and
Cy(wt) = L(w) + £5(t) = L3(y) + L(w') + £5().
Proof. The part (1) is Clear. We prove the part (2). Since ®;(y) C Ajz(w,—) we
have

S (w) TwAz(1,-) = Ay(w,—) = P5(y) M y{P(w) TTw'Ay(1,-)}.
Hence we see that £3(wz) = ¢(w) + £;5(z) and £5(yw'z") = £5(y) + L(w') + £5(2") for
all 2,2’ € W5(Ay(1,-)). Since yw’ = yuw' = w, we have yw' = wt, with u € QY.
By (1), there exists an element ¢, € Ty N W3(Ajs(1,-)) such that ¢,t, € Ty N
Wi(Ajz(1,-)). Set t = t,t, and t' =t,. Then wt = yw't’. Since t,t" € Wy(Az(1,-))
we have
Uw) + 5(t) = Ly (wt) = Ly(yw't’) = L3(y) + L(w') + £5(t).
O

Proposition 6.10. (1) For each t € Ty and u € Us(1,0), we have ;T (u) = u.

(2) For eachw € I/?/J andy € Wy(Ajz(w,—)), we have JTy_lUJ(w,O) = Us@w tw,0).
In particular, Us(w,0) C Az(w,—)°.

(3) For eachw € I/?/J andy € Wy(Ajz(w,+)), we have 3Ty-1Us(w,0) = Uy (7~ w,0).
In particular, Us(w,0) C Az(w,+)°.

(4) For each w € I/f/J, we have Us(w,0) C Aj(w,0).

Proof. (1) This follows from Proposition 5.15, (6.16), and Proposition 6.8.
(2) Set w’ =7 'w. By Lemma 6.9(2), we have

Ty 3Ty = JTy Ty - 5Ty

for some t,t' € Ty N W3(Aj(1,-)). By (1), for each u € Uj(1,0), we have ;T;(u) =
3Ty (u) = u, and hence

3Ty Tw(u) = Ty (u) € Us(g'w,0).

Thus the assertion is valid.
(3) Since @;(y) C Ajz(wwo,—), we have

QJ (y) H yAJ(gilwwov _) = AJ (ww07 _))
and hence $5(y~!) C Ay 'w,~). By (2), we get Us (7 'w,0) = 5T,~1Us(w,0).
(4) This follows from (5.43), (2), and (3). O

7. DECOMPOSITIONS OF U INTO TENSOR PRODUCTS OF SUBALGEBRAS

In this section, we give several decompositions of U, into tensor products of
subalgebras, where J is an arbitrary non-empty subset of i
Proposition 7.1. (1) For each w € V?/J, the multiplication defines the following
isomorphisms of Q(q)-vector spaces:
Us,<(w,=) @ Us(w,0) ® Uy > (w, +)~—Uy, (7.1)
Us,<(w,+) @ Us(w,0) @ Uy > (w, ) —Uj". (7.2)
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Moreover, the following equality holds:

Ujs(w,0) = Ay(w,0). (7.3)
(2) The multiplication defines the following isomorphism of Q(q)-algebras:
C(J)UJC—>UJ (74)

(3) The part (1) of Proposition 5.7 is still valid in the case where J is an arbitrary

[e]
non-empty subset of 1.

Proof. We prove the parts (1) and (2). Let s and s’ be elements of W$° such that
P5°([s]) = Ay(w,—) and P3°([s']) = Aj(w,+). By Proposition 5.20(1), we see that
Es,« and YEg . are bases of Us «(w,—) and Uj, > (w,+) respectively. Let < be a
total order on J x N. By Proposition 6.8, we see that T,,(Z<) is a basis of U(w,0).
By Proposition 5.19(1), (5.43), the right part of (5.38), and the left part of (5.67),
we see that the multiplication define the following injective Q(g)-linear mapping:

Us,<(w,—) ® Ay(w,0) @ {As(w, ) N Us > (w,+)} — Uj. (7.5)

By Proposition 6.10(3), we have Uj(w,0) C Aj(w,0). By Lemma 5.23(1), we have
Us >(w,+) C Ay(w,-)¢. Thus we see that the multiplication define the following
injective Q(g)-linear mapping:

m1: Uy <(w,—) @ Us(w,0) @ Uy, (w,+) — Uj". (7.6)

Hence the elements of the subset Es Ty (Z<)¥(Es/ <) of Uy are linearly inde-
pendent. In the case where J is connected, by (5.13)(5.14), we see that the set
Es.<Tw(I<)¥(Ess <) is a basis of U;, and hence the mapping (7.6) is leectlve To

consider the general case, we denote w uniquely by w =[], (1) w, with w, € W Je
Then the multiplication deﬁnes the following isomorphism of Q(g)-vector spaces:

Us, < (we, =) ® Us, (we,0) @ Us,_ > (we, +)—U; . (7.7)

for each ¢ = 1,...,C(J). By Proposition 5.20(1) and Proposition 6.8, we see that
the multiplication defines the following isomorphisms of Q(g)-vector spaces:

DV Us,. < (we, =)~ U < (w, -), (7.8)
eV Us, (e, 0~ Us (w,0), (7.9)
DV Us,.> (we, )—Us 5 (w, 4). (7.10)
Therefore we have the following diagram:
Us,<(w,=) @ Us(w,0) ®@ Us,> (w, +) &4 Uy
el Tmd

QI (U, <(we,—) © Uy, (we,0) © Uy, s (we, 1)) —= @LVUT..

Here, mj is defined by the multiplication and ¢ is defined by setting

C(J) C(J) C(J)
()

90(®c 1 Ue(—) @ uc(0) ® uc(+ H Ue(— ® (H UC(O)) ® (H uc(+))
c=1 ce=1

where u.(-) € U;, < (we, ), uc(0) € UJu(wC, 0), and u.(+) € U;, > (we,+). By Lemma
5.4(4), we see that the diagram above is commutative. By (7.8)—(7.10), we see
that ¢ is an isomorphisms of Q(g)-vector spaces, which implies the injectivity of
my3. By Proposition 5.5, we have the surjectivity of m3. Thus both of mj and
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my are isomorphisms of Q(g)-vector spaces. Moreover it is easy to see that the
multiplication defines the following isomorphisms of Q(g)-vector spaces:

my : ®§:("P U; —Uy, my: ®§:("{) Uy —=Uy. (7.11)

Thus, by Proposition 5.7(2), we see that the multiplication defines the following
isomorphism of Q(g)-vector spaces:

my: @9 Uy, ~5Us. (7.12)
It is easy to see that mso is compatible with the standard Q(g)-algebra structure

of the tensor product ®§:('{) Uj,. The equality (7.3) follows from Lemma 6.10(4),

(7.1), (5.43), and Lemma 5.23(4).

We prove the part (3). The characterization of Uy in terms of the generators and
the defining relations follows from the part (2) and the first assertion of Proposition
5.7(1). The equalities (5.13) and (5.14) follow from the part (1) and Proposition
6.8. O

Proposition 7.2. (1) For each y € Wy, the multiplication defines the following
isomorphisms of Q(q)-vector spaces:

As(y) ® As(y)* Uy, (7.13)
As(y)° @ As(y)—Uy. (7.14)

(2) Let B be an arbitrary real biconvex set in Ayy. Then the equality holds:
UJ,<(B) = AJ(B) = UJ,>(B)~ (7~15)

Moreover, Ay(B) is a Q(q)-subalgebra of U .

Proof. We prove (7.13). We may assume that @5(y) C Aj(w,—) for some w € I/?/J.
Then there exits an element s € W$® such that &3°([s]) = Aj(w,—) and [s,] =y
with p = ¢(y). Let s’ be an element of W5 such that @;([s']) = Aj(w,+), and <
a total order on J x N. Then the product set g <T\(Z<)¥(Es/ <) is a basis of
Us". From Lemma 5.17, it follows that the multiplication A;(y) ® A;(y)¢ — U is
injective. Moreover, we see that

Es,< CAs(Y), Esp,<Tw(T<)WEs .« CAs(y)°, Es)p<iTy(Esp,<) =Es <.

Therefore we see that the multiplication A;(y) ® A;(y)¢ — Uj is bijective and
that the sets &g, < and ;T (Espp, <) Tw(Z<)¥(Es/,<) are bases of A;(y) and A;(y)©,
respectively. Since £g|, < is also a basis of U <(y), we get Uy <(y) = As;(y).
Similarly, we can prove (7.15) and the equality Uy »(y) = A;(y). Hence (7.14) is
proved in the case where B = &;(y) with y € Wj.

We prove (7.15) in the case where B € B3°. Suppose that ¢°([s]) = B with
s € W5°. Then Us <([s1,]) = As([s15]) = Us,>([s1,]) for all p € N. Since U; «(B) =
UpenUs,<([s1p]) and U »(B) = UpenUs > ([sl,]), we have Us «(B) = U~ (B) =
UpenAs([sip]). Tt follows that U; «(B) = U; »(B) C A;(B), since Aj([s,]) C
A;(B) for all p € N. Let y be an arbitrary element of W;(B). Then we have
A;(y) = Us,<(y) C Uy <(B). Thus we get Ay(B) C Uy, «(B) = Uy~ (B). Therefore
(7.15) is valid.

We prove the second assertion of the part (2). Suppose that u; and ug are
elements of A;(B). By (5.36), we may assume that u; € A;(y;) with y; € W;(B)
for i = 1,2. By Lemma 3.7(1), there exists an elements y3 € W;(B) such that
D3(y1) UP;(y2) C P5(ys). By Proposition 5.20(2) and the equality Us «(y) = A(y)
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for y € W, we see that Az(y3) is a Q(q)-subalgebra of U;" such that A;(y;) U
A;s(y2) C As(ys), and hence uq + ug, uruz € Az(ys) C Az(B). Therefore Ay(B) is
a Q(q)-subalgebra of Uy O

[e]
Proposition 7.3. For each w € Wy, the multiplication defines the following iso-
morphisms of vector spaces:

Az(w, =) @ As(w,0) @ Ay (w, +)——U; «—Az(w, +) @ As(w,0) @ Ay(w,-), (7.16)
Az (w,0) @ A (w,+)—— Ay (w, =) A (w,+) ® Az (w,0), (7.17)

Aj(w, =) ® Ag(w,0)——Az(w, +)*—A;(w,0) ® Az(w, -), (7.18)

As(w, =) @ Ay(w, =) —Us <= Az(w,-)° @ Az(w,-). (7.19)

Proof. The isomorphism (7.16) follows from (7.1), (7.3), and (7.15). The isomor-
phism (7.17) follows from (7.16), Lemma 5.23(1), and Proposition 6.10(2). The
isomorphism (7.18) follows from (7.16), Lemma 5.23(2), and Proposition 6.10(3).
The isomorphism (7.19) follows from (7.16)—(7.18). O

Proposition 7.4. Let B be an arbitrary real biconvex set in Ajy.
(1) Suppose that By is a real biconvez set in Ajy such that B C By. Then the
multiplication defines the following isomorphisms of Q(q)-vector spaces:

A;(B) ® {As(B)° N AJ(Bl)}—’AJ(Bl) (7.20)

{As(B) N A3 (B1)} ® As(B)—As(By), (7.21)

{As(B)" N As(B1)} ® As(B1)*——As(B)", (7.22)

As(B1)° @ {As(B)° N As(B1)}——As(B)°. (7.23)

(2) The multiplication defines the following isomorphisms of Q(q)-vector spaces:
Ay(B) ® Ay (B) U, (7.24)

A;(B)* ® Ay(B)—=U; . (7.25)

Proof. We prove (7.20). By Proposition 5.19(1) and (7.15), we see that the multi-
plication defines the following injective Q(g)-linear mapping:

Since Ay(B) C Aj(B1), we see that the multiplication defines the following injective
Q(g)-linear mapping;:
A;(B)® {A3(B)°N A3(B1)} — A;(Bq). (7.27)

Hence it suffices to show the surjectivity of (7.27). Suppose that B € 9B; and
B = &;(y) with y € Wj. By Proposition 5.18(2) and (7.15), we see that

Ay(B) ® 3T,A5(B') 5 A5(By), (7.28)

where B’ = y~'{B;\ B}. It is clear that ;T, A;(B') C A;(B)°NA;(B1). By (7.28),
we see that the mapping (7.27) is surjective and 5T, A;(B’) = A;(B)°N A;(B1) in
this case. Therefore we see that if y € W3(B;) then the multiplication defines the
following isomorphism of Q(g)-vector spaces:

As(y) ® {As(y) N As(B1)}—As(By). (7.29)
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We next suppose that B € B3° and $5°([s]) = B with s € W5°. Let u be an
arbitrary weight vector of A;(Bp) with weight 5. By (7.13), we see that u can be
written as

U =2 xea, XMWY (1))

with X (1), and Y'(1), are weight vectors of A;([s1]) and A;([s[1])¢ N As(B1) re-
spectively. Similarly, we see that for each A € A;, the weight vector Y(1), can be
written as

Y1)y =2 ,e0,X2,Y ),

with X (2),, and Y'(2),, are weight vectors of A;([s|2) and A;([s]2)® N As(B1) respec-
tively. Applying the procedure above recursively, we see that for each p > 2 and
A€ Ap_q, the weight vector Y (p — 1), can be written as

Yp-1),= ZueApX(p)uY(p)H (7.30)

with X(p), and Y (p), are weight vectors of A;([s|,]) and As([s],])¢ N As(B1) re-
spectively. Then we have

U=3 5 e, nen, XMy, X®), Y0, (7.31)

P

and hence
B=wt(X(1),,)+ -+ wt(X(p)y,) + wt(Y(p)y,)

for all Ay € Ay,..., Ay € A,. Thus there exists pg € N such that wt(X (p),) = 0 for
all p > po+1and A € A,. Hence we may assume that X (p), =1 for all p > py +1
and A € A,. By (7.30), we see that

Y(p—1x=2en,Y®), € As([slp]) N As(B1)
for all p > pp+ 1 and A € A,_;, which implies that
Y(po)x € Np>po{As([sl])” N As(B1)} = Ay(B)° N Az (B1)
for all A € Ap,. Since Aj([S|p,]) is a subalgebra of A;(B) such that A;([s|]) C
A;([8]po]) for all p < pg, we have
X 1)y, "'X(PO)APO € As([slp]) C As(B).
By (7.31), we have

u= ZkleAl,.“,)\pOEAPOX(I))\l - X(po)y,, Y (Po)y,, -
Therefore (7.27) is surjective. The proof of (7.21) is quite similar.
We prove (7.24). Since my is injective, it suffices to show the surjectivity of m;.

By Proposition 6.3(1) in [7], we may assume that B C Aj(w, —) for some w € W .
Then we have Aj(w,—)° C A;(B)¢. Hence, by (7.19), we see that the multiplication
defines the following injective Q(g)-linear mapping;:

mao: {AJ(B)C n AJ(’U},*)} (%9 AJ(’LU,*)C — A_](B)C

On the other hand, by (7.20), we see that the multiplication defines the following
isomorphism of Q(g)-vector spaces:

Ay(B) @ {A;(B)° N Aj(w, =) }——A; (w, -). (7.32)
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From (7.32) and (7.19), it follows that the multiplication defines the following iso-
morphism of Q(g)-vector spaces:

ms: Ay(B) @ {A5(B)° N Az(w,—-)} ® Ay(w,—)°—=Uj". (7.33)

Since mg = mq o (id ® ma), we see that m; is surjective, and hence my is bijective.
The proof of (7.25) is quite similar.
We prove (7.22). Since B C By, we have Aj(B1)° C A;(B)°. Hence the multi-
plication define the following injective Q(g)-linear mapping:
may: {AJ(B)C n AJ(Bl)} (9 AJ(Bl)C — AJ(B)C

On the other hand, by (7.20) and (7.24), we see that the multiplication defines the
following isomorphism of Q(gq)-vector spaces:

Since ms = my o (id ® my) with m; is bijective, we see that id ® my is bijective,
and hence my is bijective. The proof of (7.23) is similar. O

Lemma 7.5. Let y be an arbitrary element of Wy, s an element of Wy such that

[s] =y, and € an element of]%\/ such that (e | a;) > 0 for alli € i\J and (e]a;) =0
forall j € J. Then, for each n € Z>q, we have

At N U = As(y), (7.35)
A NUF = As(y)*. (7.36)

Proof. By the definitions of the action of ;7, on Uy and the subalgebra A([s]t0)
of UT, we have

A NUY ={ue U | T7"3T  (u) e US"}
={ue Uy |4, (w) € U} = As(y),
where the second equality follows from Lemma 5.4(3)(i) and Lemma 5.14(1). The

proof of (7.36) is similar. O
Proposition 7.6. Let B be a real biconvex set in Ayy, and set
B:=BIA(1,-). (7.37)
Then B is a real biconvez set and the following equalities hold:
Ay(B) = A(B)n Uy, (7.38)
As(B)° = A(B)*NU;. (7.39)

Proof. We may assume that J C I. Suppose that B € B;3. Then B = &;(y) for
some y € Wj. Let s be an element of Wj such that [s] = y, and € an element of P
such that (¢]a;) > 0 for all ¢ € i\J and (]« ) =0 for all j € J. By Proposition
3.8, we have U, >o®([s]t?) = B, hence B € B> by Lemma 3.7(2). Thus, by Lemma
7.5, we have
AB)nUF ={|J AEHInUF = [J{AEI) NUS} = As(y) = As(B),
n>0 n>0

AB) nUF = { () ABIINTF = (AR MU} = As(y)” = As(B)".

n>0 n>0
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Suppose that B € B5°. Let s be an element of W5° such that $5°([s]) = B. By
the definitions of A;([s|,]) and A;([s|,])¢, for each p € N, we have

As([s1]) = A([s1,) N UY
As([s1)* = A([sT,D)° N Uy

By Lemma 3.6(2), we have Upen®([s],]) = B, and hence B € B> by Lemma 3.7(2).
Thus we get

As(B) = [ As(lsi) = {(J A(sLDY nUS = A(B)n U,

peN peN
A3(B)° = () As([s1))" = {[) A(sL) I nUS = A(B) Uy
peEN peEN

8. CONVEX BASES OF Uj

The aim of this section is to construct convex bases of U;™ associated with all
convex orders on Ay, where J is an arbitrary non-empty subset of i
Proposition 8.1. Let C; and Cs be real biconvex sets in Ay, such that Cy C Cs.
Denote Cy and Cy uniquely by C1 = Vi(k,w,y) and Co = Cy T wyB with K C J,

[e]
w e WY, y € Wk, and B € Bj. Then the following equality holds:

AJ(Cl)CmA_](CQ) == T’LU _]TyAK(B) (81)
Moreover, the multiplication defines the following isomorphisms of Q(q)-vector spaces:
AJ (Cl) ® Tw ‘ _]TyAK (B)L}AJ (CQ), (82)

Proof. In the case where Cq € B;, we have K = J and C; = &;(y), which implies
that w = 1 and B = y~'{C; \ ®5(y)}. Thus A;(C1)¢ N A;(C2) = ;T,A5(B) by
Proposition 5.20(2) and Proposition 7.2(2). Therefore (8.1) is valid in this case.

We next suppose that C; € B5°. Then K C J. Let ¢ be an element of Igv

such that (¢]a;) > 0 for all j € i\K and (e]ay) =0 for all k € K, s an element
of Wk such that [s] = y, and sz an element of Wy such that &5 ([s2]) = B.
Set C7 = C; IL A%(1,—) and C = C, II A%(1,-). Then C; = V(k,w,y) and
52 = a T wyB. Thus, by Proposition 3.8, we have

C1 = Upo®(w [3]0), (8.4)
Ca = Unzo U, 52 d(w [3]12 [521,)). (8:5)
By Proposition 7.6, it follows that
A5(C1)° = Npsof A(w [3]¢2)° N U}, (8.6)
A5(Ca) = Upzo U E {A(w [3]¢2 [521,]) N UF }, (8.7)
where
Aw Bt nUf ={ue U | T-"5T, ' T (u) e UT Y, (8.8)

A(w [3]t7 [821,)) NU; = {u e Uy | T[;%T]T_"JTy_ngl(u) cU="}L. (89

€
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Here, by Lemma 5.4(3) we have the claim that T, "(z) = z for all x € A (B).
Combining the claim with (8.6) and (8.8), we get Ty, - Ty Ax(B) C A;(Ch)°.
Combining the claim with (8.9) and the equality kTis,,] = T[é—Q\‘J])]lUK, we see

that T, - 4T, Ax([s2,]) C A(w[E22 (52,]) N UF for all 1 < p < ((sy), and
hence T, - 3Ty Ax(B) C A;(C2) by (8.7). Therefore we get Ty, - Ty Ax(B) C
A;(C1)° N Az(Cs). By (7.20) in Proposition 7.4(1), we see that the multiplication
m: A;(C1) ® {A5(C1)¢ N A;(Co)} — A;(Cs) is an isomorphism of vector spaces,
which induces the injective linear mapping:

Since C; T wyB = Cs, by Proposition 5.19(1) and (7.15), we see that
dimg ) (Im ), = dimgg) A5 (Co), = #{c: Co = Zy | Y e(B)B=p} (8.11)
BEC:

for each p € Qy4, where (Im ), := (Img) NU,f. This implies that ¢ = m with
the equality (8.1).
The (8.2) and (8.3) follow immediately from (8.1), (7.20), and (7.21). O

Corollary 8.2. Suppose that B is a real biconvex set in Aj4 satisfying B C
Aj(w,—) for some w € I/?/J and that
B =V;@uwXy),  BUHw YAk 'wk, -) = Asw,-)

for some K C J and y € Wx. Then the multiplication defines the following iso-
morphisms of Q(q)-vector spaces:

A;(B) @ Tk - 3Ty Ax (T wk, —)—As (w, -), (8.12)
Tox - 5Ty Ax (G tuk, —) @ A5(B)—Az(w, ), (8.13)
Tyx - 3Ty Ax @ 1wk, =) ® Ag(w, =) A3 (B)", (8.14)
Az(w,-)° @ Tyx - 3Ty Ax (7 'wk, —)— Az (B)°. ( )
Proof. By (8.1), we have
Ay(B)*NAjw,-) = Tk - 3Ty Ax (@ 'wk, —). (8.16)

Hence, (8.12) and (8.13) follow from (8.2) and (8.3), respectively. It follows from
(7.22) and (7.23) in Proposition 7.4(1) that the multiplication defines the following
isomorphisms of vector spaces:

{AJ(B)CQAJ(’LU,—)}®AJ(U},—)CL)AJ(B)C, (817)
As(w, =) @ {A3(B)° N Ay(w, —)}——A5(B)", (8.18)
which imply (8.14) and (8.15). O

Definition 8.3. Let A be a totally ordered set with < the total order on A. Then
we call a subset I C A a section of A with respect to < if [\, u]< C I forall \,p €I
satisfying A < p, where [\, pu]< = {v € A|X < v < pu}. If, in addition, I < (A\I)
then we call I an initial section of A with respect to <. Moreover, for each A € A
we set

={pneAp=A}, (A )< = A\ =
={peA|p=< A} [A %)< i= AN (%, A)<.

—~
*
>
N
IA A
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Let A be an associative algebra with the unit 1 over a commutative ring R, and
{Xx| A € A} a subset of A indexed by the totally ordered set A. For each finitely
supported function c¢: A — Z, we set

XS = Xy L x§0) L xsOm) e o x§O) L g xS (8.19)

1 2 Am
where supp(c) = {A1, A2, , A} with Ay < Ay < -+ < A, Here we set X =
X¢ = 1if supp(c) = 0. We denote by X_(A) (resp. X, (A)) the set of all X¢
(resp. X¢). For each ¥ C A, we set
XL () = { S | supp(e) € 5}, X (5) = {ES |supp(c) € S}, (8.20)

Then we call X< (A) (resp. X.(A)) a convex basis of A if Xo(I) (resp. X, (I)) is a
free R-basis of the R-subalgebra (X | A€T )g—_q14 of A for each section I of A with
respect to =.

Theorem 8.4. Let (n,Ke, Yo, Se) be an element of Ny3 x Cp,J x Wi, x W satis-
fying the conditions (3.1) and (3.2) (cf. Theorem 3.3(2)), and = the convex order
on Aj(w,—) associated with the (n,Ke, Yo, Se). For each a € Aj(w,—), we define a
weight vector B, = E< o € U; with weight o by setting
Eo=E< = TwKi—l ) JTyi—l(Esi—l () (8.21)
= TwKi—l 3Ly 3Tsi vy aTs - 1)(Esi—1(17))’

where o = w¥i-ty;, _1¢s, ,(p) with i € N,, and p € N. Then the sets E4(Az(w, )
and E. (Aj(w, ), respectively, are convex bases of the Q(q)-algebra Ajz(w,—) and of
the Aq-algebra 4, Az(w, =) := Ay(w,—) N 4, UT.

Moreover, if I is an initial section with respect to =, then I is a real biconvex
set in Agy and the following equalities hold:

(Eal a€I>Q(q)—alg = A;(I), (8.22)
(Eala€l)qg)—alg = As(I)" N Ay(w, -), (8.23)
where 1€ := Az(w,—) \ I.
Proof. By (3.1)(3.2) in Theorem 3.3(2), we have

A(w,—) = H?zle"'—lyi_ldi‘Io("i_l([si_l]), (824)
Cioy Wiy, &% ([si—1]) = C; € B for each 1 <4 < n, (8.25)
where yo := 1 and Cp := (). We set B;_; := . ([si—1]) for each i € N,,. Then,

by (8.2) and (8.25), we see that the multiplication defines the following Q(g)-linear
isomorphism:

A5 (Ci)®T x Ty, Ax,_, (Bi—1)—A;5(Cy) (8.26)

wri-1

for each i € N,,. Since C,, = AJ(w, —) and C1 = By, the multiplication defines the
following Q(g)-linear isomorphisms:

~

® T K -1 y? 1AK (B] 1)—>AJ(’UJ7 )7 (8.27)
1T 0Ty, Ak, {(Bj—1)——A5(Cy), (8.28)
] ,L+1T K 1 yJ 1fl[{] 1(Bj 1)—>AJ( ) ﬂA_] (829)

Here, Aj_1 :=T x, , - aTy, 1AK L (Bj_1) is located on the left side of Aj_; in
the tensor products above if j < 5. By (8.27), we see that EL(Ajz(w,—)) is a basis
of Aj(w,—). Moreover, by Lemma 4.5(1) we see that E(Aj(w,—)) is a subset of
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A, Az(w, =)\ (¢ — 1).4, As(w,—), and hence that the set E<(Aj(w,—)) is also a basis
of 4,A;(w,-) over A; by Proposition 4.2 and Lemma 4.3.

We next prove (8.22)(8.23). Since I is an initial section, it is easy to see that I
is a real biconvex set in Ayy. Let us consider in the case where I = (x,a]<, and
let ¢ € N,, and p € N be unique elements such that a = w¥i-1y;_1¢s, ,(p). We put
x:=[8;_1]p] and B._; =27 1{B;_1 \ Pk,_,(z)}. Then we see that

I = Cifl I U)K"'*lyiflé}(i_l(.’b), (830)
C,L' =111 wK"'—lyi_la:Bgfl. (831)
By (8.2) and (8.30), we see that the multiplication defines the following Q(g)-linear
isomorphism:
AJ(Cifl) ® TwKi—l : JTyi—lAKi—l (w);AJ (I) (832)
By (8.28) with replacing ¢ by ¢ — 1 and (8.32), we see that E<(I) is a basis of A;(I)
and that (8.22) holds for I = (*,a]<. By (8.1) and (8.31), we have
Ay (I)C N AJ(Ci) = TwKi—l ’ JTyi—1 ’ JTHCAK/L'A (Bz{fl)' (8'33)
Since I C C; C Aj(w,—), it follows from (7.22) that the multiplication defines the
following Q(g)-linear isomorphism:
{AJ(I)C ﬁ AJ(CIL)} ® {AJ(C/L')C ﬂ AJ(’U}, —)}L)AJ(I)C ﬂ AJ(’U}, —). (834)
By (8.29)(8.33)(8.34), we see that F~(I¢) is a basis of A3(1)° N Aj(w,—) and that
(8.23) holds for I = (x, a]<. Similarly, we can prove the assertions in the case where
I= (*, Oz)j.

For each a < , we see that B ([a, +)<) N E<(( 8]<) = E([o f]<) and
(Ey|n € [, %)<)a(g)—atg N (En [0 € (% Bl<)0(g)-atg = (En [0 € [, Bl<)g()-alg-
Thus E(I) is a basis of (Ey, | n€1 )g(q)—alg for I = [, B]<. Similarly, we can prove
that £ (1) is a basis of (E, [n€l)g(g)—alg for each section I with respect to <.
Therefore, the set E<(Aj(w,—)) is a convex basis of Aj(w,—), and hence the set is a
convex basis of 4, Aj(w,—) over A; by Proposition 4.2 and Lemma 4.3. The proof
of the assertion for Ey (Aj(w,—)) is quite similar. O

Proposition 8.5. (1) The following equalities hold:
As(4) = (a),, |7 €T, me Ly )gq)-ay (8.35)

AJ(L*) = <E575 ) x]_,n | €€ Ayt Jj€ J,ne N)Q(q)—alga (836)

where both x;'m and z;, are introduced in Definition 6.1, and Es_. is introduced

in Definition 5.2.
(2) For each w € W, the following inclusions hold:
[AJ(wzj:) ) AJ(w70)] C AJ(wri) (837)

n

Proof. (1) Since the proof of (8.36) is similar to that of (8.35), we only prove
(8.35). Set X = <xj+m |j€J, meZy)gg)—alg- Then, by Lemma 6.2(2) we have
Az(1,+) D X5. To prove the opposite inclusion Ay(1,+) C X5, let A be an element
of E)}/ \ {0} such that A\ = 3,5 kje; with k; € N for all j € J, and s1,52,...,5n
elements of Sy such that sysg---s, = t_x with n = £5(t_)). Here, we define
an infinite sequence s = (s(p))pen € S} by setting s(p) := s for each p € N,
where p € N,, such that p = p mod n. Then the s is an element of W§® such
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that &3°([s]) = Aj(w,+), and hence the convex order =< on Aj(w,+) associated
with s is of 1-row type (see Theorem 3.3 and Remark 3.4). Since A;(1,+) =
(VE< o | € Ajs(1,+))q(q)—alg» it suffices to show that ¥E< , € X for all o €
Aj(1,4). We use the induction on ht(@). Firstly, we consider the case where
ht(@) = 1. Then o = md + a; with (j,m) € J x Z;. Hence, by Lemma 6.2(3) we
see that WE< 1510, = xjm € X . Secondly, we consider the case where ht(@) > 2.
Let [3,7]< be a minimal section of Ay(1,+) satisfying @« = § + . By Theorem
8.4 and Proposition 4.2, we see that there exist elements cj,co € Ay \ (¢ — 1)A;
such that E<,E<g = c1FE< o + c2FE< 3F< . Since ht(3),ht(§) < ht(@), by the
hypothesis of the induction, we see that

U(Bx) = V(B p)B(B) = 20(B<J0(E,) € X].
(2) By Proposition 6.5 and (8.35), we have
[A3(1,+), As(1,0)] C As(1,+). (8.38)
Since Aj(1,+) = Ajz(wo, —), by (5.37)(5.38)(5.46), we have
[As(wo, =), As(ws,0)] C Ag(wo, -), (8.39)

1

where w, is the longest element of W;. Set w’ = wow™'. Then we have T,

TTy, and hence T,,s A5(w,0) = Ajy(wo,0). Since the multiplication defines the Q(q)-
linear isomorphism U« (w') ® Ty Us < (w, =) — Us < (wo, —), we have T,y Az(w,—) C
Aj(ws,—). Therefore, by (8.39), we have

[T Ag(w, =), Tor Ay (w,0)] C Ay (wo, —).

Since [T Az (w,—), Tuwr Az(w,0)] € Az(wo,—) N A(w')¢, we have

[T Az (w, =), Tuy As(w,0)] € Topr Az (w, ),
and hence [Aj(w,—), A;(w,0)] C Az(w,—). By (5.37)(5.38)(5.46), we have

[As(w, +), YA (wwo,0)] C Agy(w,+),
and hence [A;(w,+), As(w,0)] C Az(w,+). O
Theorem 8.6. Let < be an arbitrary convex order on Ayy, and w € V(ID/J the unique
element such that
Ay(w,—) < AT < Ay(w,+). (8.40)

We define <_, <o, and =4 to be the restm'cNtz'on of X to Aj(w,—), AT, and
Aj(w,+), respectively, and define a total order =<y on the following set

A =AM xJ={(nd,j) | neN,jeT}
by setting
né <o n'd ifn#n’,

8.41
i<y fn=n' (8.41)

(n(saj) :<0 (n,(svj/) — {

In addition, we define a total order < on the following set
Agy = AT TTAT = Aj(w, =) ITTAT TT A (w, +)
by extending <_, =, and <4 such as
As(w,—) = AT 2 Aj(w,+). (8.42)
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For each n € AJJ” we set

E<x 4 if n € Axw,—),
E,=E<, =< T,(I;,) ifn=(ndj) eAi (8.43)
W(Ejip’n) Zf?? S AJ(’LU,"’),

where < is the opposite order of <;. Then the sets E-(Asy) and B (Agy),
respectively, are convex bases of the Q(q)-algebra Uy~ and of the Ay -algebra 4, Uy :=
A4UTN U;r.

Moreover, for each n,( € Ay satisfying n <, the following equalities hold:

[Ey, Eclg = > he ES, (8.44)
supp(c)C(n,¢) 5
[Eys Eda= Y 9eES, (8.45)

supp(e)C (1,) 2
where he, ge € A;.

Proof. By Proposition 6.8, Proposition 7.1(1), Theorem 8.4, and Proposition 7.2(2),
we see that E-(Ay,) is a basis of U;". Moreover, by Lemma 4.5(1) and Lemma
6.6(1), we see that E-(Aj,) is a subset of 4, U™\ (¢ — 1).4,U; . Hence, it follows
from Proposition 4.2 and Lemma 4.3 that the set E<(AJ+) is also a basis of the
Aj-algebra 4, Uj".

Suppose that n € Aj(w,—). Since (x,7m]z = (x,n]<_, by (8.22), we see that
E~((*,n]z) is a basis of A;((*,m]%). By (8.23), (7.17), and (7.22), we see that
E~((n,*)=) is a basis of Ay((x,1]2)°.

We next suppose that € Aj(w,+). Here we remark that ¥ is an anti-automorphism
of the Q(g)-algebra U; . Since (n,*)z = (n, %)<, , by (8.22), we see that E-((n, *) %)
is a basis of WA;((n,*)=z). By (8.23), (7.18), and (7.22), we see that E~((x,7]z) is
a basis of WA;((n, *)=)°. N

We next suppose that n € Aﬁ'ﬁ By Proposition 6.8, (7.3), (7.16), Theo-
rem 8.4, and Proposition 8.5(2), we see that F<(I) is a basis of the subalgebra
(En|nel)q(g)—alg in the case where I = (x,n]= or I = (n,%*) 3.

Therefore we see that E- () is a basis of (E, |n€ 1 )q(q)—aig in the cases where
I =(%n]z orI=(n,*)z for each n € Aj;. Similarly, we can prove that E-(I) is
a basis of (E, 7€ )q(g)—aty in the case where I = (x,1)z or I = [n, %)z for each
UASHAVES . - -

For each n=(, we see that E-([n,*)) N E<((x,¢]z) = E<([n,¢]z) and

<ETI |77 € [777 *)3 >Q(q)—alg N <ET] |77 € (*v C]i >Q(q)—alg = <En | ne [777 C]i >Q(q)—alg-
Thus we see that E-([) is a basis of (E;, [ €I )g(q)—alg in the case where I = [n, (] <.
Similarly, we can prove that £ (1) is a basis of (£, [n€1 )gg)—ag for each section
I with respect to <. Therefore E<(Ay,) is a convex basis of U;". Since E-(A;4)
is also a basis of the A;j-algebra 4, U, it is easy to see that E<(AJ+) is a convex
basis of 4, U
We next prove (8.44). In the case where 1, € Aj(w, —), we see that

EE,—aE,Ec= Y  h.ES, (8.46)
supp(c)C(n,¢) <
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where a, h,, € A;. Hence it suffices to show that a = q*(’ﬂo, where £ := wt(E¢) for
each £ € Ayy. Recall that n = wXi-1y;_1¢s,_, (») for some i € N,, and p € N. We
put x := [s;_1]p]. Then, by Theorem 8.4, we see that

E’I € TWKF1 'JTyi—1AK1:—1(x)a E<((nvdj) - TWKF1 'JTyi—lAKi—1(x)Ca

where (1, {]< = (n,*)< N (%,{]<. By applying T' = JTx’lJTyfllTuin to the both
- - - e i—1
sides of (8.46), we see that

(the left hand side) = ~T(E¢)Kg'  Fs, ) +aKg' ) Fs. T (Ec)

= (a—q UK Fa o T(E) —q KD (B, Fs, ), (847)

Si—1(p)
(the right hand side) = > hT(ES) eUS. (8.48)
supp(e)C(n,¢) <

Since both T(E¢) and 5Ts, (T (E¢) are elements of U, we see that

K;il(p) [T(E¢), Fs, (] € Uf (8.49)
by Proposition 3.1.6(a) in [14], Proposition 7.1(3), Theorem 5.12, and Proposition
5.10. By (5.15) and (8.47)(8.48)(8.49), we get a = ¢~ 9. Similarly, we can
prove (8.44) in the case where 7),( € AJ(}U,-F) or the case where n € Aj(w,—) and
¢ € Ay(w,+). In the case where 1,{ € AY7T, the (8.44) follows from Proposition
6.8. The proof of (8.45) is quite similar. O

9. DUAL CONVEX BASES OF U™ AND U~ WITH RESPECT TO THE ¢-KILLING
FORM

Throughout this section, we assume that g is the affine Kac-Moody Lie algebra
of the type xM (X = A,B,C,D,E F,G). Firstly, we introduce a well-known
standard Q(gq)-bilinear form between UZ% and U<, which is called the ¢-Killing
form since it can be regarded as a g-analogue of the Killing form on g. Secondly,
we introduce a Damiani’s work concerning detailed computation of values of the
¢-Killing form on the subalgebras generated by the imaginary root vectors. Thirdly,
we will construct the dual convex bases of U and U™ with respect to the ¢-Killing
form. Finally, we will present the multiplicative formula for the R-matrix of U,(g)
associated with an arbitrary convex order on Aj.

Theorem 9.1 ([15]). There exists a unique non-degenerate Q(q)-bilinear form ( | ) :
UZ0 x U= — Q(q) which satisfies the following equalities:

(@ |y1y2) = (A(2) |11 @ y2), (z122 |Y) = (22 @ 71 | A(Y)),
(K, | K,) =q ¥, (Bi| Ky) = (K, | F;) =0, (Ei | Fy) =6;/(q; " — @),

where z, 21,20 € U2, y,y1,yo € U=, 0,5 €1, p,v € P, and A is the coproduct of
U defined by

AE)=E®1+K, ®FE, AF)=FEoK '+19F, AK,=K,®K,.

Here we use the notation (| ) also for the Q(q)-bilinear form ( | ): (UZ°)®2% x
(U="%2 — Q(q) induced by

(1 @2 |y1 @ y2) = (w1 |y1) (22 | y2).
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Lemma 9.2 ([10]). (1) For each p,v € Q4, v € UF

W,y €eUZ, and §n € P, the
following equality holds:
(@Ke | yKy) = 0w C17 (x| y). (9.1)

Moreover, the restriction of the form ( | ) to UJr x UZ,, is non-degenerate.
(2) For eachzx € UT andy € U™, the followmg equality holds:

(W () [ ¥(y) = (z]y).
(3) For each i € I, x € A(s;)%, y € A (s;)°, and m,n € Zxq, the following
equality holds:

(@B [yF") = dmn (2 [y) (E]" | F]") (9.2)
with the following equality:
(B[ F") = (m)g,!/ (7" — @)™ (9-3)

Proof. Although the claims are proved in [10] in the case where g is an arbitrary
finite dimensional simple Lie algebra, the proof can be applied to the untwisted
affine case. O

Proposition 9.3. For eachy € W, a € ¥(A(y)®), and b € U (A~ (y)°), the follow-
ing equality holds:

(Ty(a) | Ty(b)) = (a]b). (9-4)

Proof. Since the claim is clear in the case where y = 1, we may assume that ¢(y) > 1.
We use the induction on [ = £(y). In the case where I = 1, we can apply the proof
of Proposition 8.28 in [10] to the case. In the case where | > 2, there exist ¢ € I
and y' € W such that y = y's; and ¢(y') = 1 — 1. Then we see that T,, = T,/ T},
T;(a) € U(A(Y')°), and T;(b) € ¥(A~ (y')°). Hence, by the inductive assumption,
we have the following equalities:

(Ty(a) | Ty (b)) = (Ty Ti(a) | Ty Ti(b)) = (Ti(a) [ T5(b)) = (a D).
O

Proposition 9.4. Let B be an arbitrary element of B*. Ifx1 € A(B), z2 € A(B),
1 € A= (B)¢, y2 € A= (B), then the following equality holds:
(z122 | 9132) = (21 |y1) (22 | ¥2). (9.5)
Proof. We first prove (9.5) in the case where B = @(y) with y € W. By Proposition
7.2(2), we have A(B) = A(y) = Us(y) and A= (B) = A~ (y) = U (y). We use the
induction on I = £(y). In the case where [ = 0, since y = 1, we have Us (y) =
US (y) = Q(g), which implies (9.5). In the case where [ > 0, there exist i € I
and ¥y € W such that y = s;9" and ¢(y') = | — 1. By Proposition 5.20(2), there
exist m,n € Z>o, ah € T;U=(y'), and by € T;US (y') such that az = a4E™ and
by = byF. Then we have T, '(a}) € Ux(y') and T, (by) € U (y'). In addition,
we have T, *(a1) € A(y')® and T; ' (b1) € A~ (y')°. By Lemma 9.2(3), Proposition
9.3, and the inductive assumption, we see that
(a1az | bib2) = (a1ay B 0165 F}") = (aray | bubh) (B | F')
= (T; Ya) Ty (ap) | T (00) T (0)) (B | F}')
= (T (ax) | T (0u)(T7 (ad) | T (B2)) (B | ')
= (a1 |b1)(as |05)(EF" | ") = (a1 | b1)(az | b2).
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We next prove (9.5) in the case where B € B°°. By Proposition 7.2(2), we
have A(B) = Us(B) and A~ (B) = US (B). Then, by Proposition 5.20(2), there
exits y € W(B) such that z2 € A(y) and y2 € A~ (y), and hence z1 € A(y)° and
y1 € A= (y)°. Thus we get (9.5) in this case. O

Proposition 9.5. (1) Let w be an arbitrary element of V([)/ If Xy € A(w,+),
Yy € A” (w,+), Xg € A(w,0), Yy € A™ (w,0), X_ € A(w,-), Y_ € A™ (w,—), then we
have

(X4 XoX_ |V YoYo) = (X4 | Y1)(Xo | Yo) (X | V). (9.6)

(2) Let < be an arbitrary convex order on A(w,—). Then the following equality
holds:

(BS|FS) =bee ] (el@)q.!/(a5" = aa)*, (9.7)

aeA(w,—)
where Ff_/ = Q(Ei/); Fg(g) = Q(E;(Z))

Proof. (1) Since X1 X € A(w,—)¢ and Y, Yy € A~ (w,—)¢, by Proposition 9.4, we
have

(X4 XoX_ | Y YpYL) = (X4 Xo | Y2 Y0) (X_ | Y0).

Since A(w,0) C A(w,+)¢ and A~ (w,0) C A~ (w,+)¢, by Lemma 9.2(2) and Proposi-
tion 9.4, we have

(X4 Xo | Y3 Yo) = (X5 | Y4)(Xo | Vo).

Hence (9.6) is valid.

(2) We assume that supp(c) Usupp(c’) = {061, 02,...,0m} and 81 < B2 < -+ <
Bm, and put I = (%, 81]<. Then, by Theorem 8.4(8.22)(8.23), we see that

Ec(ﬁm) - E:(gz) c A( ) Ec(ﬂl c A( )
FEGm PSP e Am(1)y, PSS e AT (D).
Hence, by Lemma 9.2(1), Proposition 9.4, and the induction on m, we see that
C c’ c(Bm ,3 5m I&;
(B | Fe) = (BLG) -- BEER ESR) | FE G - FS %22)F< 6
B Bm c(B <’ (Bm ¢’ (6 c(B1) . c(B C' B
= (BSGr)  BER PG - FE GV BLG) | FE Y H S TES G
B c(B C C
= I o0 (B PG = deer [T LD IFED).
k=1 acA(w,—)
The (9.7) follows from Lemma 9.2(3) and Proposition 9.3. O

Thanks to Proposition 9.5, to complete the computation of values of ¢-the Killing
form, it suffices to compute the values on A(w,0) X A~ (w,0). For the completion of
the task, we refer to the following Damiani’s work concerning detailed computation
of the values of the ¢-Killing form on the subalgebras generated by the imaginary
root vectors.
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Proposition 9.6 ([6]). (1) For each n € N and i,j € T with i < j, there is a
solution {Agl") €Q(g)|i<le i} of the following system of linear equations:
Y AL (sen(Ay)" nAyly /n =0 (9-8)

1<l

under the condition AE?) # 0.
(2) For each (z,n) €1 x N, one set
1 n «— ZA(n)Il,na ji,n = Q(jz,n) (99)
i<l
Then the elements {I; ,|n €N, i € i} satisfy the following conditions (i)(ii):

(i) for each n € N, the sets {I;, |i € i} and {I;n i € i}, respectively, are bases
of the same Q(q)-vector subspace of UT;

(ii) for each pair (c,c’) of finitely supported Z. -valued functions on i x N, the
following equality holds:

CIT 2071 T1 755 =dee [T (elim)iin | Jin)tm,

(i,n)ETXN (i,n)ETXN (i,n)ETXN
(9.10)
where the value of( i | J; n) is given by
- - Al
i | Jin) = ALY ST AL (sgn(Aze))" 7[71_1]2]% . (9.11)
i<j (qz - q’b)

Remark 9.7. For eachn € N andi,j € T with i < J, a solution {Agl") €Qg)]i <
l e i} of the system of the linear equations (9.8) is given in Proposition 7.4.3 in
[6].
Theorem 9.8. Let < be an arbitrary convezr order on Ay, and w € I/f/’ the unique
element such that

Afw,—) < AT < Afw, +). (9.12)
We define <_, <¢, and =<4 to be the restriction of < to A(w, ), A””, and A(w,+),
respectively, and define a total order =, on the following set

Aim = AIm T = {(n,i) [n €N, i €1}

by setting
nd <o n'd ifn#n,

(nd,i) <o (n'6,i") < {

9.13
i< ifn=n' (9.13)

In addition, we define a total order = on the following set
Ay = AP TTAT = A(w,—) ITAT T A(w, +)
by extending <_, 507 and =24 such as
Aw,—) = AT 2 Afw,+). (9.14)
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For eachn € A, we set

Ejf,’f] aneA(wvf))
E,=FE<, = Tu(lin) ifn=(ndi)e A, (9.15)
W(Ejipﬂl) ifn € A(w, +),

where < is the opposite order of <, and set F, = F<, = Q(E<,). Then
the sets E< (Ay) and F=(AL) are convex bases of Ut and of U~ respectively, and
satisfy the following equalities:

(BS|FE) =bee [ (et)g, (B | Fx)™ (9.16)
neA;
=bec | (c@))a/(aat =)@ x [ (s, )i | Jim)= ",
aeAle (né,i)eAim
(9.17)

where the value of (I; | Jin) is given by (9.11). Therefore, the convex basis E< (A )
of U™ and the following convex basis

C

{ ﬁ |c: Ay — Z, s.t. fsupp(c) < oo}
=17

of U™ form a pair of the dual bases with respect to the q-Killing form ( | ).
Proof. By Proposition 6.8, (7.3), and (9.9), we see that the set Ex (Ai™) is also a
basis of the commutative subalgebra A(w,0). So, by the same manner of the proof

of Theorem 8.6, it is easy to see that the first assertion is valid. By Proposition 9.6
and Proposition 9.3, we see that

(BS|FE)=beer [ (etnd,i)(Tim|Jin)e? (9.18)
(né,i)eAim

for each pair (c,c’) satisfying supp(c),supp(c’) C AT Let w, be the longest

element of I/?/J. Then A(w,+) = A(wwo,—). Hence, by Proposition 9.5(2) and
Lemma 9.2(2), we see that

(B FE) =beer ] (cl@))q!/(ga" = qa)*, (9.19)
aeA(w,+)

for each pair (c,c’) satisfying supp(c),supp(c’) C A(w,+). Therefore the equalities
(9.16) and (9.17) follows from Proposition 9.5(1)(2), (9.18), and (9.19). The last
assertion follows from the first assertion and the equality (9.16). g

Corollary 9.9. We use the notations as in Proposition 9.6 and Theorem 9.8. For
each convex order < on AL, the universal R-matrix R of Uy(g) can be expressed
as follows:

R=| I ©=«]| I ©<a I 6=<]a™ (9.20)

€A (w,+) QAT €A (w,—)
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where T' € b* @ h* is the canonical element of the inner product ( | ) on h* and

{equu (0" = 4a)Bxa © Fa) for a € ATE,
O« o=

do s (921
exp (Zi:l Tw(Lin) Q@ T (Jim)/ Lim | Jzn)) for a =né € AY". ( )

Here, O< o is located on the left side of O o in the product above if o/ - «, and
expg, (z) = 30 o 2™/ (m)g, .
Proof. Let © be the canonical element of the restriction of the ¢-Killing form to

U;’ x U, . Then it is known that the universal R-matrix R of U,(g) can be expressed
as follows (cf. [15]):

R=0-q". (9.22)
By Theorem 9.8, we see that
Ec ® Fc EC(n) ® p;(:vl)
B Z EC |Fc Z H q,, (Ej,n | Fj,n)c(n)
. oo ~ - m . - -
- 1_[> 3 (m; ' <f;n ®F<,n> _ 1—[> exp,, <E~<,n®F<,n>
neAy m=0 "0 < [ F<n) neA, (E<n | F<n)
= II" exa]| II ©=u IT7 @<l (9.23)
QEA(w,+) neAim Q€A (w,—)

where

O, = exp (Tw(fi,n) ® Tu(Jin)/(Tim | Ji,n)) for = (nd,i) € Aim. (9.24)

Since the elements of {Ty(I;.n) @ Tw(Jin)| (i,n) € I x N} are commutative with
<
each other, the imaginary part (H cAim 9<m> of the product in (9.23) can be
nelAim =
written as

I 0=<n= T T16=0sn = I~ ©=ns. (9.25)

neAim néeAim™ =1 ndeAim
Therefore the equality (9.20) follows from (9.22), (9.23), and (9.25). O
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